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Abstract 

Holography for Lifshitz space-times corresponds to dual held theories on a hxed tor¬ 
sional Newton-Cartan (TNG) background. We examine the coupling of non-relativistic 
held theories to TNG backgrounds and uncover a novel mechanism by which a global 
U{1) can become local. This involves the TNG vector which sources a particle num¬ 
ber current, and which for hat NG space-time satishes = d^M with a Schrodinger 
symmetry realized on M. We discuss various toy model held theories on hat NG space- 
time for which the new mechanism leads to extra global space-time symmetries beyond 
the generic Lifshitz symmetry, allowing for an enhancement to Schrodinger symmetry. 
On the holographic side, the source M also appears in the Lifshitz vacuum with exactly 
the same properties as for hat NG space-time. In particular, the bulk diheomorphisms 
that preserve the boundary conditions realize a Schrodinger algebra on M, allowing for 
a conserved particle number current. Finally, we present a probe action for a complex 
scalar held on the Lifshitz vacuum, which exhibits Schrodinger invariance in the same 
manner as seen in the held theory models. 
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1 Introduction 

Extending holography to settings that go beyond the original AdS-setup has received 
considerable attention in recent years. This has been motivated in part by applying 
holographic ideas to the study of strongly coupled condensed matter systems, which 
often exhibit non-relativistic scaling, and thus necessitate the consideration of bulk 
space-times with asymptotics different from AdS [1, 2, 3, 4]. These include in particular 
Schrodinger, Lifshitz and hyperscaling violating geometries, which have in common that 
they exhibit a dynamical exponent z characterizing the anisotropic scaling ratio between 
time and space on the boundary. 

Besides the interest in such space-times in view of their application to non-relativistic 
field theories, examining to what extent holography is applicable in spaces with differ¬ 
ent asymptotics is also of intrinsic importance. It may provide hints towards flat-space 
holography and, more generally, shed light on the nature of quantum gravity and elu¬ 
cidate puzzles in black hole physics. Moreover, generalizing holographic techniques to 
non-AdS settings has the potential to reveal novel geometric structures on the boundary, 
which are interesting in their own right and at the same time present new perspectives 
on field theories when coupling to these structures. 

There is thus an extra, perhaps unusual, but rather important motivation for study¬ 
ing exotic theories for gravity, including those that we consider in this paper. This 
stems from the fact that such theories can be viewed as the Schwinger source func¬ 
tionals of non-relativistic quantum field theories (e.g. those used in condensed matter 
systems). The sources in question are the various components of the metric and the 
relevant operator is the (non-relativistic) stress tensor. Once the symmetries of the 
quantum field theory above are specified, the symmetries of the relevant gravitational 
theory follow, and constraint the form of such source functionals. The usefulness of 
this procedure, beyond the realm of holography (which is a concrete realization of this 
idea), has been recently emphasized also in [5]. This paper is a direct implementation 
of these ideas in a specific class of examples characterized by Lifshitz scaling symmetry 
and extended Schrodinger symmetry. 

In particular, it was recently found that the boundary geometry for Lifshitz space- 
times is described by a new extension of Newton-Cartan (NC) geometry^ with a specific 
torsion tensor, called torsional Newton-Cartan (TNG) geometry. This was first observed 
[13, 14] for a specific action supporting z = 2 Lifshitz geometries, and generalized to a 

^We refer to [6, 7, 8, 9, 10, 11, 12] for earlier work on Newton-Cartan geometry. 
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large class of Lifshitz models for arbitrary value of z [15, 16]. These works identified the 
Lifshitz UV completion and resulting boundary geometry by solving for the most general 
solution near the Lifshitz boundary using a vielbein formalism along with well-chosen 
linear combinations of the timelike vielbein and bulk gauge held. By considering the 
coupling of this geometry to the boundary held theory the vevs dual to the sources were 
computed, and moreover their Ward identities were written down in a TNG covariant 
form. In parallel, in [17] it was shown in detail how TNG geometry arises by gauging the 
Schrodinger algebra. The coupling of non-relativistic held theories to TNG geometry 
was also considered in [18] from non-holographic perspective. 

The work of [17] was used in the holographic context to show [15, 16] that for Lifshitz 
space-times there is an underlying Schrodinger symmetry that acts on the sources and 
vevs, strongly suggesting that the boundary theory has a Schrodinger invariance. This 
observation was supported in the Letter [19] by a complimentary analysis of bulk versus 
boundary Killing symmetries (employing the TNG analogue of a conformal Killing 
vector [14]), by considering the conditions for the boundary theory to admit conserved 
currents. Grucially, it was shown that for held theories on a TNG background the 
interplay between conserved currents and space-time isometries is markedly diherent 
from the relativistic case. The purpose of the present paper is to provide an in-depth 
analysis and discussion of this new mechanism, which, in its most general sense, shows 
that Lifshitz holography describes a dual version of held theories on TNG backgrounds. 

Our results are of relevance to understanding the holographic dictionary in case of 
tractable examples of non-AdS space-times, hrst and foremost for Lifshitz space-times 
[20, 21, 22, 23, 24, 25, 13, 14, 26, 27, 15, 19, 16], but possibly also for other cases, 
e.g. Schrodinger and warped AdSs space-times [28, 29, 30, 31, 32, 33, 34]. While this 
is interesting in its own right, there are also concrete direct applications to condensed 
matter type systems. In particular, there is a growing body of recent work on using 
TNG geometry in relation to held theory analyses of problems with strongly correlated 
electrons, such as the quantum Hall ehect (see e.g. [35, 36, 37, 38, 39, 40] following the 
earlier work [5] that introduced NG geometry to this problem). 

1.1 Outline and summary 

An outline and summary of the present paper is as follows. Our presentation below 
alternates between short summaries of the sections and putting the results in context 
along with presenting the main conclusions. 

One of our key points is that in order to understand holography for Lifshitz space- 
times one must understand held theories on torsional Newton-Gartan (TNG) geome¬ 
tries. This is one of the reasons we spend a large fraction of this paper, sections 3 and 
4, entirely on that subject. The evidence for this is by now rather substantial. We 
have the null reductions on the AdS boundary of [13, 14], the general structure of the 
sources for asymptotically Lifshitz space-times as discussed in [15, 16] and in section 2 
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of this paper and finally we have the discussion of exact (vacuum) Lifshitz space-times 
given in [19] and section 5 of this paper that in the appropriate coordinates reflects all 
properties of flat NC space-times from a bulk point of view. 

Summary of section 2. We start in section 2 with a brief review of the dehnition 
of the sources for asymptotically Lifshitz space-times in the Einstein-Proca dilaton 
model. This includes a derivation of the action of local bulk transformations such as 
diffeomorphisms, etc. on the sources. The resulting local transformations of the sources 
are given in (2.43) which is in agreement with the way background fields transform in 
TNG geometry [17]. In [17] it shown that the transformations (2.43) can be written such 
that they make a local Schrodinger algebra acting on the sources manifest. In order 
to do this one must choose certain Schrodinger covariant curvature constraints that 
make local time and space translations equivalent to diffeomorphisms. The resulting 
TNG geometry on the boundary is discussed in subsection 2.4 and readers who are not 
interested in the holographic origin of this geometry may immediately jump to this 
subsection. 

TNG geometry. TNG geometry was found for the first time in [13, 14] and a 
geometrical foundation for it has been given in [15, 19, 17] which appeared simultane¬ 
ously with [18]^ (how [18] fits into our framework will be commented on below). It is 
well-known that the geometrical framework on which general relativity is based can be 
obtained by gauging the Poincare algebra and imposing so-called curvature constraints 
to make local space-time translations equivalent to diffeomorphisms. In much the same 
way it is shown in [17] that TNG geometry can be seen as arising from gauging the 
Schrodinger algebra and imposing suitable curvature constraints, following the earlier 
work [42] that showed how to get NG geometry from gauging the Bargmann algebra. 
The resulting geometrical framework provides us with various connections such as the 
affine connection which carries torsion and is TNG metric compatible (see eq. (2.48)), 
but also for example the spin connections for local rotations and Galilean boosts (see 
section 2.4.1) and finally a dilatation connection (see section 3.3). As an aid to our 
discussion below, we remark here that the relevant geometric structures in TNG are 
a time-like vielbein r^, space-like vielbeins e“ and a vector held M^, that will play an 
important role. The helds transform under local tangent space transformations, namely 
local spatial rotations and Galilean boosts (Milne transformations in [18]) and diffeo¬ 
morphisms and local scale transformations. Grudely speaking we need the vector held 
because mass and energy are not equivalent and can be thought as the source 
for the mass current while sources the energy current. The precise dehnition of the 
energy-momentum tensor which contains the energy and momentum currents and the 
dehnition of the mass current will be given in section 3. 

TNG geometry and its coupling to non-relativistic field theories. The nat¬ 
ural framework to consider the covariant coupling of non-relativistic held theories to a 

^See also the recent work [41], where the relation with relativistic field theories was revisited using 
non-relativistic limits. 
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space-time background is TNG geometry. Thus, armed with these geometrical tools we 
can write down actions for field theories that are coupled to a TNG background (section 
3) and in particular study their global space-time symmetry properties on a flat NG 
background (section 4). The coupling should be done with respect to the so-called ge¬ 
ometric invariants that are invariant under the local tangent space transformations^ as 
discussed in [19, 18] and further elaborated on in section 3. These are certain combina¬ 
tions of Tfj,, e“ and that are invariant under the local tangent space transformations. 
Essentially all of disappears into these geometric invariants with the exception of 
one scalar combination that we denote by <h, which is closely related to the Newtonian 
potential. 

Summary of section 3. In section 3 we first discuss the definition of the energy- 
momentum tensor and mass current that result from our coupling prescriptions 
and derive various Ward identities such as local scale and diffeomorphism Ward iden¬ 
tities. There are also Ward identities for the local tangent space transformations, i.e. 
the local spatial rotations and Galilean boosts. These reduce the number of indepen¬ 
dent components of and T^, e.g. the only independent component in is the 
mass density that couples to <h whereas contains the energy and momentum 
currents as well as the symmetric spatial stress tensor. 

The diffeomorphism Ward identity will also enables to dehne the notion of TNG 
Killing vectors K'^ by demanding that is a conserved current. For scale invariant 

theories this leads to the notion of a TNG conformal Killing vector. In order to gain 
some intuition about held theories on TNG geometries, in particular with regards to 
global space-time symmetries, we introduce a number of held theory toy models. The 
lessons learned from these toy models will be insightful when discussing global space- 
time symmetries in the holography setting. In particular, we introduce the z = 2 
Schrodinger model (see section 3.3.1) and a deformation of it (see section 3.3.2). Then 
we will show that these models realize some global space-time symmetries in a manner 
that has no relativistic counterpart and that crucially depends on the coupling to the 
background held M^. We show that can become a gauge connection making a 
global U{1) invariance into a local symmetry, and we discuss how this is done in the 
deformed Schrodinger model (see section 3.4.1) and how this allows for global space- 
time symmetries. The important role of is further commented on in section 3.5 (see 
also below). We also show in section 3.6 that, again by choosing the coupling to in 
a special way, namely such that we do not couple to the invariant <h, one can couple 
the z = 2 Lifshitz scalar held model to TNG geometry, which is interesting to contrast 
to the Schrodinger model. We also comment there on how TNG structures can be used 
to describe other situations, including the case considered in [43] as well as actions that 
only couple to a Lorentzian metric. 

Summary of section 4. Section 4 specializes to the case of hat NG space-time. 

^These are called Milne boost invariants in [18]. 
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We start by defining what we mean by fiat NC space-time in section 4.1 and show in 
particular that this implies that the vector field is a total derivative of a function 
M. We will define the notion of a fiat NC space-time in what are called global inertial 
coordinate systems. We subsequently compute the residual coordinate transformations 
that preserve the choice of global inertial coordinates up to local scale transformations 
in section 4.2. The analogous calculation for a fiat Minkowski space-time would give us 
the conformal group. Here we show that the resulting set of transformations forms a 
realization of the Schrodinger algebra on M. The fiat NC space-time conformal Killing 
vectors are computed in the later section 4.5 and shown to agree with those residual 
transformations that leave M invariant. We show that there are three different functions 
M for which the conformal Killing vectors span the Lifshitz algebra and that there does 
not exist an M for which they generate the Schrodinger algebra. These three families 
of M are related by the action of the Schrodinger group on M. 

Global symmetries in non-relativistic field theories. We study scale invariant 
field theories on a fiat NC space-time and the role played by M in section 4.3. The 
two toy models that we consider are: i). the deformed Schrodinger model and ii). the 
Lifshitz model. Both these models are scale invariant but due to the way M appears 
in these models they have various degrees of additional global space-time symmetries. 
The deformed Schrodiger model comes with two parameters a and b and we show that 
on a fiat NC space-time with a = b = 0 the model has full z = 2 Schrodinger symmetry 
which for a 7 ^ 0 and b = 0 gets broken to Lifshitz plus Galilean boosts and when b ^ 0 
it gets broken to Lifshitz. The real scalar Lifshitz model on the other hand is just 
Lifshitz invariant and differs from the deformed Schrodinger model in that it is higher 
order in derivatives (2nd order time derivatives as opposed to 1st order ones). Another 
important difference between the Lifshitz model and the deformed Schrodinger model 
with 6 7 ^ 0 is that the former has no notion of particle number, i.e. = 0 , whereas 

the latter has a particle number current whose conservation is explicitly broken by 
the b term. 

Elimination of M. The different amounts of global space-time symmetries thus 
ranges for scale invariant from Lifshitz to Schrodinger and this is controlled by M. In 
section 4.4 we define the notion of the orbit of M. This is defined to be all M related 
to M = cst that upon some M-dependent field redefinition lead to the same action. 
These field redefinitions ‘eat up M’ in that they remove M from the action, so that it is 
no longer a background field. For example we will see that for the scalar Lifshitz model 
all M lead to inequivalent actions while for the Schrodinger model any M related to 
M = cst by a Schrodinger transformation leads to the same action. In general, the size 
of the orbit of M depends on the couplings to the background fields. 

As remarked above, one cannot view all elements of the Schrodinger group as con¬ 
formal Killing vectors of a fiat NC space-time. The global space-time symmetries that 
are outside a Lifshitz subalgebra of the Schrodinger group become global symmetries 
only in situations where we have a non-trivial orbit of M. This is because there are 


6 


space-time diffeomorphisms that act on as a gauge transformation, i.e. 
which takes one from element of the orbit to another one and this transformation gets 
compensated by a local phase rotation of some complex scalar held, say. This is the 
basic mechanism by which held theories are Galilean boost and/or special conformal 
invariant. The special conformal symmetry requires also a local scale transformation of 
the scalar held. 

Lifshitz vacuum as the holographic dual of fiat NC space-time. After this 
long detour on held theory on TNG geometries we return to the subject of holography 
for Lifshitz geometries in section 5. We hrst show in section 5.1 that the Lifshitz vacuum 
in a coordinate system such that the boundary geometry is a hat NG space-time also 
comes with a function M which on the boundary corresponds to = d^M. The 
M dependent Lifshitz metric is given in equation (5.8). This is not written in the 
same gauge in which we dehned the boundary conditions (sources) in section 2.2. We 
show that one can perform a coordinate transformation that does not ahect the sources 
which brings (5.8) into radial gauge. In deriving these coordinate transformations 
we use a coordinate independent dehnition of a Lifshitz space-time given in appendix 
A. We then continue to show in section 5.3 that the bulk Penrose-Brown-Henneaux 
(PBH) diheomorphisms are exactly the same as those of section 4.2, i.e. the bulk PBH 
transformations realize the Schrodinger algebra on M. Hence the Lifshitz vacuum is 
the holographic dual of flat NG space-time. 

We therefore have the right structure for the dual held theory to show global 
Schrodinger invariance. Just like in the toy models of section 4.3 this requires helds 
living on a Lifshitz space-time to have a local symmetry that can be used to remove M 
from the equation of motion. We will demonstrate in section 5.5 that one can indeed 
construct such probes on a Lifshitz space-time. 

Particle number symmetry. The existence of a local Schrodinger symmetry by 
which M gets shifted, as it does under the bulk PBH transformations, can correspond to 
a particle number symmetry of the dual held theory. This is shown in section 5.4. Put 
another way we show that the residual bulk diheomorphisms that realize a Schrodinger 
algebra on M can lead to a conserved particle number current that relates to by an 
improvement. This is quite an uncommon feature. The bulk Einstein-Proca-dilaton 
theory has no local gauge symmetry, still the dual held theory can have a conserved 
particle number current. This can happen because plays a double role: it is part 
of the geometry through its appearance in the geometric invariants but it also sources 
the particle number current. Hence it can happen that bulk PBH transformations act 
non-trivially on which in turn has implications for the properties of T^. 

On the role of the Stiickelberg scalar y. We stress that in our formulation of 
TNG geometry the massive vector does not by itself have any gauge transformations 
under particle number. This only happens when we choose our couplings to the TNG 
geometry appropriately. Formulating the construction this way is forced upon us by 
the holographic dual model we are using which contains a massive vector held so that 
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there is no local U{1) in the bulk. One can go to a formulation with an internal 
particle number transformation by making a Stiickelberg decomposition of via = 
where x is a Stiickelberg scalar and where rh^ can be related to the gauge 
connection of the particle number symmetry inside the local Schrodinger algebra 
under which the background TNG helds transform [17] (for z = 2 we have = m^). 
In cases where the coupling to the TNG background helds is chosen such that there is an 
additional local symmetry acting on of the form = d^a (combined with some 
local transformation in held space) we can hx the a gauge transformation to remove 
X and doing so our formalism becomes identical to that of [18]. However we would 
like to emphasize that, independent of the holographic setup, our way of describing 
TNG geometries allows for much more general held theories than discussed in [18]. As 
discussed above it also allows us to study cases such as Lifshitz invariant theories. In 
fact the conformal Killing vectors of hat NG space-time span just the Lifshitz algebra 
and nothing more. 

The enhancement to Galilean boost invariance is a property of the model just like 
it is for the case of scale symmetries. Not every held theory on a Minkowski space-time 
is scale invariant. In much the same way we see that not every theory on hat NG 
space-time is Galilean boost invariant (scale invariance is likewise not guaranteed). If 
we restrict to the class of scale invariant theories, TNG geometries form the natural 
habitat of Lifshitz invariant held theories. The geometrical framework then must include 
X because there is no notion of particle number and x allows us to deal with that kind 
of situations (see sections 3.5 and 3.6). One should not conclude that when x appears 
in the formalism that this implies absence of particle number symmetries as we can 
have either an extra local shift symmetry that allows us to remove x or because we can 
perform an improvement of the current T'^ sourced by Mfj_ such that we get a conserved 
particle number current (see sections 5.4 and B). 

In summary, our main results and hndings are as follows 

• Non-relativistic held theories coupled to TNG geometry, depending on the cou¬ 
plings of the held theory, exhibit a new mechanism, tied to the TNG vector M^, 
by which a global U{1) becomes local with gauge connection M^. 

• We elucidate the role of the mass current that couples to and its relation 
to a conserved particle number current, in diherent held theory setups. 

• We provide a characterization of hat NG space in global inertial coordinates that 
emphasizes the relevance of the free function M (in = d^M). 

• We work out the residual transformations preserving our notion of hat NG space- 
time and show that these realize a Schrodinger algebra on M. 

• When coupling a held theory to a hat NG space-time there can be a non-trivial 
orbit of M, i.e. a set of M’s related to M = cst by the action of the Schrodinger 


group, such that for each of these M we can write down the same action. This 
involves an M-dependent field redefinition of the mater helds, i.e. the matter 
fields eat up M so that it is no longer a source, i.e. background held. 

• When there is a non-trivial orbit the theory exhibits extra global space-time sym¬ 
metries (Galilean boost and/or special conformal symmetries) beyond the generic 
Lifshitz symmetries, allowing for an enhancement to Schrodinger symmetries. 

• In the holographic context, we hnd a general form of the (bulk) Lifshitz metric 
that exhibits the source M. The bulk PBH transformations realize a Schrodinger 
algebra on M. Those PBH transformations that leave M invariant form a Lifshitz 
algebra. This is the same manner in which Schrodinger symmetries appear in held 
theories on a hat NC background. 

• We construct scalar probes on a bulk Lifshitz background that are invariant under 
a global Schodinger group, supporting the claim that also in the holographic setup 
the background held M can be eaten up by the bulk helds. 


2 Holography for Lifshitz space-times 

We will be working in the bulk with a gravitational theory containing Einstein gravity 
and a massive vector held (and possibly a dilaton). In this section we will show that 
the geometry on the boundary of asymptotically locally Lifshitz space-time is given by 
Newton-Cartan geometry with torsion. This is essentially a summary of the results 
found in [15] (see also [16]). The main results of this section that will be needed in 
the other sections are the dehnitions of the sources (the boundary conditions) and 
their local transformations (that preserve the boundary conditions). These are given 
in section 2.3. In section 2.4 we will review the properties of Newton-Cartan geometry 
with torsion. 

2.1 The Einstein—Proca-dilaton model 

We will work with a bulk theory consisting of a metric guNi a massive vector field Bm 
and a scalar <h (Einstein-Proca-dilaton (EPD) theory) whose dynamics is governed by 
the following action‘d 

S' = y d^x^/^ 

where F = dB. The equations of motion are 

= WB^ , ( 2 . 2 ) 

^Capital roman indices M = (r, ji) denote four-dimensional bulk space-time, with boundary space- 
time indices The boundary tangent space indices will be 0, a with a = 1, 2. 


U - \z{<i)F^ -- 1(94.)= - 1/(4)]) . (2.1) 
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□$ = -Z'F^ + -W'B^ + V', 
4 2 


(2.3) 


Bmn — 2^9mn + 2 ^ (fmpFn^ — j + . ( 2 . 4 ) 


The Lagrangian has a broken t/(l) gauge symmetry signaled by the mass term of Bm- 
The functions 2’(<h) and hT(<h) are positive but otherwise arbitrary functions of the 
scalar held $ and the potential V (<h) is negative close to a Lifshitz solution. 

This model admits Lifshitz solutions (with z > 1) 

ds^ = —H —- idr"^ + dx^ + dy^) , B = Aq — dt , <h = $* , (2.5) 

where is constant, = 2{z — 1 )/(zZq) and 

Vq = — (z^ + ^ + 4), = 2z , Vi = (yZCb + 2h)(yZ — 1), (2-6) 

with a = Zi/Zq, b = Wi/Wq and Zi,Wi,Vi the Taylor coefficients of the functions 
Z, W, V around the value of which, together with z, is determined by the hrst two 
equations in (2.6). The third equation in (2.6) is a constraint on the potential making 
Lifshitz a non-generic solution of (2.1). 


2.2 Boundary conditions 

Because of the anisotropy of the Lifshitz metric, which is a property that will be retained 
in the dehnition of asymptotically locally Lifshitz space-times, it is very convenient to 
dehne the boundary conditions using bulk vielbeins [21]. Further we dehne a holographic 
coordinate r by demanding that the metric is asymptotically (conformally) radiaB. We 
can always write for the metric 

yjf^ 

ds^ = ^- , (2.7) 

where = 0. We will think of r as the holographic coordinate with the boundary 

at r = 0. By asymptotically locally Lifshitz we will mean the following metric boundary 
conditions® 

R = 0{1), (2.8) 

K = 0 ( 1 -"). ( 2 . 9 ) 

B; = 0(r-i), (2.10) 

^The need for this was observed in [14] and will be further elaborated on in [16]. It plays no crucial 
role in this work. We just keep R for generality. 

®We note that these boundary conditions differ from those in [21], which employs a radial gauge 
(i? = 1) and assumes that in (2.16) is hyper surface orthogonal. When requiring the latter condition 
in our setup, the boundary geometry is called twistless torsional Newton-Cartan (TTNC) [13, 14]. 
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where z > 1. 

For the massive vector held B = Brdr + B^dx^ we have 


B, = 0{r -‘), 


( 2 . 11 ) 


where the leading order behavior of Br is determined by the metric and via the 
eqnation 

Om {y/^WB^) = dr {y/^WB^) + {^WB^) = 0 ( 2 . 12 ) 

which follows from (2.2). Integrating over r we see that Br is determined up to a term 
of the form where / is an arbitrary function of the boundary coordinates, i.e. 


f{x) 


Br = QrrB^ = „ ^ ^ ,_ 

r^RW y/^ r^RW y/^ 




(2.13) 


The / term contributes for the hrst time to the expansion of rBr at order The 

freedom of adding f[x) does not affect the leading order behavior of Br- The boundary 
condition for B^ is not a choice but enforced by the equations of motion. It is necessary 
in order to support the leading order behavior of E^. We will phrase this by saying 
that there exists a function a such that 

= o(r-), (2,14) 


where a is 0(1) near r = 0. By little o(l) we mean anything that goes to zero as r goes 
to zero. 

The boundary condition for the dilaton will simply be the statement that 


$ ~ 



(2,15) 


where A > 0. The symbol ~ refers to the leading order term in the near-boundary 
r-expansion. Here 0 is the boundary value of the dilaton which is an arbitrary function 
of X. 

Going back to the boundary conditions for the metric we will impose 



1/3 

(0) hu ’ 




a 


(0) 


Rzri R 


( 0 ) 


(2.16) 


where Q((o) is the leading term in the expansion of a which is dehned in (2.14), an 
equation that will be made more precise later in equation (2.31). As derived in [16] for 
1 < z < 2, which is the range we will work with from now on, it turns out that the 
equations of motion £x the form of i?(o) ^md a(o) either by hxing them to be specihc 
constants or as certain functions of the boundary held (j) (this depends on 2 ; and the 
functions Z, W and H), so these are not independent sources^. We will treat the 
functions R and a as scalars depending on $. 

^The way in which a(o) appears in (2.16) is explained in [16] and is not essential for what follows. 
They are nothing but convenient rescalings of the boundary vielbeins that enable us to write expressions 
(see the next subsection) for the transformations of the sources, that preserve the boundary conditions 
and are independent of a(o). 
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For the inverse vielbeins the boundary conditions read 


Eq ^ ~ ^«fo)^ea > (2-17) 

where we have the orthogonality relations 

= -1, = 0 , = 0 , = 6^ . (2.18) 

The completeness relation is e'(e“ = 5^ + v^t^. 

The boundary conditions for the vielbeins (2.16) tell us that the light cones flatten 
out as we approach the boundary. The bulk vielbeins and E'^ transform under local 
Lorentz transformations. If we ask that these respect our boundary conditions we find 
that the boundary vielbeins transform as 

<5^ = 0, (2.19) 

+ X\el . ( 2 . 20 ) 

This has been shown in [14] for z = 2 and is easily generalized to any value of 2 ; (see 
also [16]). These transformations will be referred to as local Galilean boosts (A“) and 
local rotations (A^^). The boundary values of the inverse vielbeins transform as 

= A“e^ (2.21) 

K = (2.22) 

as follows from (2.18). All terms in the near boundary expansion of the metric when 

expressed in terms of the boundary vielbeins should be invariant under these transfor¬ 
mations. If we look at the expansion of (2.7) at order we see that we get 

+ ... (2.23) 

where the dots denote contributions from the expansion of E^E^. The complete term at 
order should be Galilean invariant. However the first term coming from the leading 
term of datE^E^ is not invariant because 

5 (5abe“ey = XaTf^el + XaT^e^ , (2.24) 

under (2.20). Hence it must be that there is a contribution coming from E^E^ at order 
r~^ that compensates for this non-invariance. In other words it must be that 

E'^ = r T^ + ... + r'' + ... (2.25) 

so that the complete order term in the metric reads 

^ - r^X^) , (2.26) 

with X^ transforming as 

6X^ = e“A, , (2.27) 
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under local Galilean boosts®. 

What we are asking for is that for any configuration of sources we can write down 
a vector that makes the metric at order Galilean boost invariant. The vector 
must involve a new source because we cannot create such a transformation out of 
the vielbein sources and e“. Thus there must exist a boundary vector field such 
that where is invariant under local Galilean boosts and local rotations 

so that SXfj^ = The invariant part of is therefore of no interest to us where 

it concerns this problem. All we will assume about is that it can be written as 
where / is a scalar invariant. We stress that this assumption is not essential as it 
will not affect the properties of M^. Even though we say that the relation 
is an assumption, we not have not managed to find a counterexample using vevs and 
derivatives of sources that make up a Galilean invariant object that has the right scaling 

dimension to appear at order Nevertheless we are not aware of a general proof 

that it should always be that = Ir^. As mentioned already it does not affect the 
properties of which is we are after, it merely changes slightly the presentation of 
some equations. We will comment on this as we go on. We thus have 

K = V + • • • + + It^) + ... . (2.28) 

Because the massive vector is Galilean boost invariant at each order in r we can write 

+ ... + + ... , (2.29) 

where I is also rotation and Galilean boost invariant. Here the same comment applies; 
we could have written but we take it to be Jr^. For a suitably chosen function a 
that has an expansion of the form 

a. = cr(o) + T ... , (2.30) 

we can obtain® 

(2-31) 

We think of this as the boundary condition that defines the source M^. We note that 
this definition is intimately related to what we mean with a, as can be seen from (2.28) 
and (2.29). 

Using (2.31) we hnd that 

Bo = = 0(1), B, = E^B^ = 0(r^-'), (2.32) 

®We thank Matthias Blau for useful discussions on this point. 

®If we had not assumed G = Iry and similarly for G we would have found 

- a(d>)il° ~+ G), 

where G is yet another invariant. We can fix a in the same way by demanding the component of G 
along Tfj, vanishes. Since G is an invariant this does not affect the properties of the source M^. 
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so that 


B^^ = E^B^ + E^B'^ = O(r^). 

(2.33) 

Using (2.13) it follows that 

Br = 0(r"-i) . 

(2.34) 

One can make a Stiickelberg decomposition of Bm, i-e. 


Bm = Am — Om^ , 

(2.35) 

and we can do the same for M^, i.e. 


M^ = fhf,- d^x ■ 

(2.36) 

To this end we need to take for S the boundary condition 



(2.37) 

The boundary condition for S is a choice. We hxed the choice by demanding that y 
has the right scaling dimension to combine with as in (2.36). In general one can 

put anything for the boundary condition of S since it is just a Stiickelberg scalar. Since 
using equation (2.34) we know that 

Br = Ar — dr'B. = 0{r^ ^), 

(2.38) 

we get 

Ar ~ —{z — 2)r^~^x ■ 

(2.39) 


This condition for Ar is a necessary condition in order that Br = One might 

wonder what abont snbleading terms. The fact that Am and S always appear in the 
combination that gives Bm via (2.35) guarantees that the subleading orders in A^. and 
S will cancel such that Br = From (2.31), (2.35) and (2.37) it follows that we 

have 

A^ - a{^)El ~ . (2.40) 

We will formulate the boundary conditions in terms of the metric and the massive 
vector held, i.e. without reference to vielbeins and Stiickelberg decompositions, at the 
end of section 2.4. 

2.3 Local transformations of the sources 

We already discussed how the sources transform under local tangent space transfor¬ 
mations, i.e. the Galilean boosts and spatial rotations. These transformations are a 
consequence of us choosing to work with vielbeins. Towards the end of the previous 
section we introduced yet another local symmetry: the Stiickelberg 17(1) which acts on 
Am and S as SAm = OmA and = A. The boundary conditions (2.37) and (2.39) 
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are preserved by the bulk Stiickelberg gauge transformations for which A ~ The 

sources and y dehned in (2.40) and (2.37), respectively, then simply transform as 
6rhfj, = d^a and 6x = cr. 

However, by far the most relevant local symmetries are the bulk diffeomorphisms 
that preserve our conformally radial gauge choice made in (2.7). These will play a 
prominent role in this work and we will refer to them as the Penrose-Brown-Henneaux 
(PBH) transformations [44, 45]. They are dehned as those transformations that preserve 
the form of the metric (2.7) and boundary conditions, i.e. they are such that Rqmn 
remains in radial gauge after acting on it with a diffeomorphism. From this condition 
we can conclude that the PBH transformations are generated by a bulk vector which 
is of the form 

C = -rAD, (2.41) 

C = + 0{r ^), (2.42) 

where An and are arbitrary functions of the boundary coordinates. We note that 
when Ab is not constant we necessarily need to have a term of order and possibly 
higher order terms as well in the expansion of For later purposes we highlight the 
fact that for any local rescaling A^ of r and any boundary diffeomorphism there exists 
corrections to starting at order such that we maintain a radial gauge. We can 

think of the PBH transformations as consisting of two parts: 1). the transformations 

generated by = —rAo and C,^ = and 2). the transformations generated by C’’ = 0 

and = O(r^). The hrst transformation takes us possibly out of radial gauge and acts 
non-trivially on the sources while the second one takes us back to radial gauge and does 
not act on the sources^'’. We act on all bulk helds such as E^, — aE^, x, etc with a 

bulk diffeomorphism. From this we can read off how the sources transform under Ad 
and 

Combining all local transformations we conclude that the sources transform as [15] 

dTf, = + zAoTf, , 

= Ae)) + + A^e)), 

SM^ = + e“Aa + (2 — z)AdM^ , 

= RiX + cr + (2 - z)AdX , (2.43) 

— zAdv^ , 

- Aoe^ , 

5Ma = C^Ma + Xj’Ml, + Aa + (1 — z)ADMa , 

where Ma = e^M^. Here A“ correspond to Galilean boosts (G), Xj’ to spatial rotations 
(J), Ad to dilatations {D) and a to Stiickelberg gauge transformations (A^). The helds 

^°For more background on the role of PBH transformations in AdS/CFT we refer the reader to [46] 
(see also [47]). In a situation where we have full control over the asymptotic expansion in the sense 
that the full asymptotic solution space is determined by the sources and the vevs, the knowledge of 
the PBH transformations together with the Fefferman-Graham expansion is sufficient to compute the 
asymptotic symmetry algebra. 
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Ma and x undergo shift transformations with respect to Galilean boosts and Stuckelberg 
gauge transformations. The fields Ma and x play a special role in field theories on TNG 
backgrounds as we will see in subsection 3. 

We emphasize that the transformations (2.43) are not special to sources in Lifshitz 
holography. This is the way in which TNG background helds must transform as shown 
in [17]. In [17] it shown that the transformations (2.43) can be written such that they 
make a local Schrodinger algebra acting on the sources manifest. In order to do this 
one must choose certain Schrodinger covariant curvature constraints that make local 
time and space translations equivalent to diffeomorphisms. 

2.4 Torsional Newton—Cartan geometry 

As explained in detail in [15, 17, 16] the boundary geometry is described by torsional 
Newton-Cartan geometry. Here we collect the basic elements of such a geometry that 
will be needed later when we study symmetries of the Lifshitz vacuum and its Newton- 
Cartan boundary geometry. We will divide the local symmetries (2.43) into two groups. 
The first contain diffeomorphisms and dilatations and the second what we might call 
the internal symmetries. The latter are G, J and N. The local Galilean boosts are 
what are called Milne boosts in [18]. If one wishes to draw an analogy with Lorentzian 
geometry then the local rotations play the role of the local Lorentz transformations, 
but there is no relativistic counterpart for the presence of the G and N local shift 
symmetries that act on the helds Ma and y. We will further elaborate on this in the 
next subsection. 

It will prove very convenient to dehne what we call geometric invariants by which 
we mean tensors that transform covariantly under the local transformations of the hrst 
group and that are invariant under the internal symmetries. The invariants one can 
build out of r^, e“ and are 


h^u = - t^M^ - t^M^ , (2.44) 

<1 = , 

together with the degenerate metric invariants and and the deter¬ 

minant e = det(r^,e“). We will also make use of the G and N invariant vielbein e“ 
dehned as 

T,M-. (2.45) 

The objects e“, v^, form an orthonormal set. Useful relations are 


h‘'^hpf, = Sa + , 


= + 2^TaTi 


fl' V 1 


-V T, 


4 - 


= 5 " 


(2.46) 

In section 4.1 we will see that <h is closely related to the Newton potential denoted by 
$ when the space-time is hat (see also [17]). We use the same symbol for the Newton 


16 


potential as for the bulk space-time dilaton. We hope that this does not cause any 
confusion. 

There is a unique affine connection that is invariant under the internal symmetries 
G, J, N that is metric compatible by which we mean 

V^r, = 0, = (2.47) 

and it is given by [15, 17] (see also [18, 48])^^ 

= -v^d^T^ + - dJi^S) ■ (2.48) 

This connection has torsion since the first term is not symmetric in /i and v. This is 
why we call the geometry torsional Newton-Cartan (TNG) [13, 14]. 


2.4.1 Spin connections for rotations and Galilean boosts 


Although we will not need them in this work we mention for completeness that one 
can define spin connections for local rotations and Galilean boosts. This is useful for 
example when coupling fields with spin to a TNG background. 

We define the following covariant derivatives [17] 


ID T = 3 T — T 

, 

= dpu" + T^^n^ - , 

V p'^ = d p^ pP 4-Vt ^ p'^i. 

and impose the following vielbein postulates 

= 0 , = 0 , 

= 0 , Vf.e’^a = 0 , 


(2.49) 


(2.50) 


and take as in (2.48). The connections 11^“ and can be solved for in terms of 
It can be shown by either using the covariance of the "Dp derivative or by solving 
the vielbein postulates in terms of the vielbeins that the rotation and Galilean boost 
connections transform as 


, (2.51) 

-\- dpA“ -|- , (2.52) 


respectively. 

be precise, the uniqueness of this connection requires the additional assumption that it is linear 
in Mp which is a natural property from the point of view of gauging the Schrodinger algebra [17]. If 
we drop this condition we can write down a one parameter family of G, J, N invariant connections 
that are metric compatible in the sense of (2.47) that are of the form 

Tp!/ = {df,X^a + di,X^cr - daX^y) , 

where X^y = h^y + a^T^Ty where a is an arbitrary constant (see section 3.6). 
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2.4.2 Bulk metric boundary conditions and TNC invariants 

Now that we have the invariants at onr disposal we can formnlate the bonndary condi¬ 
tions of section 2.2 in a metric/massive vector held language as follows (use equations 
(2.7), (2.13), (2.16), (2.28)-(2.31)) 

- o?^l^^r~‘^''Tfj,Tvdx^dx'' + ... 

{h^u + Ir^Ty) dx^dx’" + ... , (2.53) 

B = Brdr -\- -|- ... -f r^~‘^iT^dx^ + ... . (2-54) 

In here I and I are invariants dehned in (2.28) and (2.29), respectively, with dilatation 
weight 2{z — 1). One such object is 4), but it may happen that I and I also involve 
certain scalar vevs associated with the presence of the dilaton (see for example appendix 
D of [14]). The dots on the hrst line of (2.53) originate from the product —E^E^. The 
hrst set of dots of (2.54) allow for the possibility that terms involving derivatives of the 
sources may appear between the orders r~^ and r^~^. The structure of the terms on 
the dots, also those at the end of (2.53) and (2.54), are determined by the equations 
of motion. It would be interesting to compute these expansions for an exact Lifshitz 
background. In appendix A we provide a coordinate independent dehnition of a Lifshitz 
space-time, so we could approach this problem by solving equations (A.45)-(A.50) all 
of whose solutions are locally Lifshitz. We hope to report on such an analysis in the 
future. 

Having introduced our model and setup for Lifshitz holography and the relation of 
the sources to TNC geometry, we hrst take a step back in the coming two sections, 
where we will present a purely held-theory discussion of properties of non-relativistic 
held theories coupled to a TNC background. We return to holography in section 5, 
where we discuss the symmetries of the Lifshitz vacuum and its implications for the 
symmetries of the dual held theory, using the insights gained from sections 3 and 4. 

3 Scale invariant field theories on TNC backgrounds 

In this and the next section we consider scale invariant held theories on TNC back¬ 
grounds with particular focus on their symmetries. Our analysis is at the classical level, 
and hence we ignore possible quantum anomalies. We emphasize that the toy models 
that we construct and discuss are not expected to be directly related to the dual held 
theories that arise in Lifshitz holography, but they will serve as analogue models to 
illustrate the symmetry properties that we observe in the holographic context. 

We work in this section and onwards with an arbitrary number of spatial dimensions. 
We couple a held theory to a TNC geometry by writing an action whose background 

field X has dilatation weight w if it transforms as SX = —wAjjX under Ad transformations. 
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fields are the geometric invariants discussed in section 2.4, i.e. we write 

^ . (3.1) 

When varying the background helds we can choose to vary either and $ or 

the background helds and (and even instead of the helds and y via 

— d^x)- We will discuss below the ehect of either of these variations. We can 
also couple to the invariants and but these are not independent 

= Tf.rjv'' - , (3.2) 

Shpu = -2TpTj^ + {Tphyp + Tjipp) - hpphyaSh^'" ■ (3.3) 

as follows from (2.46). 


3.1 The energy-momentum tensor and mass current 

The variation with respect to the background (bg) helds is written as 


5bg^ = 


/ 


d'‘*'-xe + r“im„ + r“im„ + {0^)ix] , 


(3.4) 


where mo = —v^rhp and rha = e^rup. Using that m^ = Mp + dpX this can also be 
written as 


6S= [- {Si + T^d,x) + (5“ + T^d,x) K 


+T'^6Mo + T-6Ma + ( (O^) - -dp (eT^) ) <5x 


(3.5) 


where is given by 


+ T“e^ 


(3.6) 


Just like for the TNG geometry it is useful to hnd invariants, i.e. G, J, N invariant 
quantities built out of S^, S^, T°, T“ and (O^) that transform as tensors. In order to 
hnd these we rewrite the variations with respect to v^, and Mp by using that (3.4) 
can, by using the relations of the previous subsection, equivalently be written as 


K,s = j (/"'xe - (ejK'T-^) 

+ ho„) - (eT")! Sx + (elT^ - T,e>“T\) SM, 

where we dehned the energy momentum tensor via [15, 19] 

T\ = - (s; + T»4x) w" + (Si + ra,x) eC . 


(3.7) 


(3.8) 
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The vielbein components of with respect to e“, r^, give us the energy 

density, energy flux, momentum density and stress, whereas the vielbein component 
T° = is the mass density and T“ = e“T^ the mass flux. The Ward identities for 
the Stiickelberg U{1) (the transformation = c?^cr and 6x = o') and local Galilean 
boosts are 


e-% (eTn = (O^), (3.9) 

e“T^ - = 0 . (3.10) 

These are associated with the local shift transformations acting on Ma and y. Fur¬ 
ther since we only couple to v^, and <F the last line of (3.7) should vanish. This 

gives us the Ward identity associated with local rotational symmetries (and is the non- 
relativistic analogue of the fact the energy momentum tensor obtained by coupling to 
a Lorentzian metric is symmetric) 

= (3.11) 


Since (3.9)-(3.11) are satished off-shell we can simplify (3.7) to 






(3.12) 


where only the symmetric part of e\,e^°'T^^ features. 

For applications to held theory on TNG geometries discussed here it will sometimes 
prove convenient to treat S' as a functional of and M^. With respect to these 

background helds the variation can be written as 


dbgF = j d^+^xe 
where and are given by 

V = -2 {elv’T\) 

+ 2TpT^ -\- TpT^Mfj_My XXpTy , 


-Ufe" + iVM'*" + , 


(3.13) 


(3.14) 

(3.15) 


where X is undetermined due to the identity = 0. We can £x X for example 

by demanding that v^v'^Tpy = 0. We do not lose information by fixing X, since with X 
hxed there are as many components in Tp, Tpy as there are in T^y which obey (3.11). 
The boost Ward identity relating Tp and reads 

= (3.16) 
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Making frequent use of the relations (2.46) and the Ward identities (3.10) and (3.11) it 
can be shown that 

= -2r(^h,)pn" (T^ + T^M.) + (T^ + T^M.) , (3.17) 

where the last term is symmetric due to the Ward identities (3.10) and (3.11). This 
equation together with (3.14) shows that 7)(, are fully determined by T’-'^ + T’'M^. 
Combining (3.14) and (3.17) gives 

- n'Tp = T\ + . (3.18) 

We will study the difference between T^y and 7)t, T^y for the case of a point particle in 
section 4.1. 


3.2 Diffeomorphisms and TNC Killing vectors 


So far we have only looked at general variations of the background helds. We will next 
discuss two different types of global TNC space-time symmetries. We start with the 
hrst set which is the more conventional set of global TNC space-time symmetries in 
the sense that they have a relativistic counterpart. By this we mean we will look for 
transformations that leave the background helds invariant so that (5bg*S' = 0. The most 
convenient way of writing the variation for this type of question is (3.12) because it is 
written in terms of invariants. This means that the quantities TyT‘'^, 
and are not related by any of the Ward identities that are due to local G, J or 
N transformations. The variation of S with respect to diffeomorphisms acting only on 
the background helds is 


<5bg[e]^ = / [-TyT\C^v^ - {etv^T%) 




(3.19) 


Hence demanding that we get zero leads to global symmetries that are determined by 
the following equations 


cy = 0, cy’^ = 0, = o, (3.20) 


whose solutions dehne the notion of a Killing vector for a TNC geometry. The 

variation (3.19) can also be written as 


4gK]S = - / {eT%) + 

+T\(v‘‘d,T, - . (3.21) 


If we include the variation of the helds under a diheomorphism our action remains in¬ 
variant. The variation with respect to the helds gives a boundary term plus a variation 
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that is proportional to the equations of motion. Hence on-shell we have the diffeomor- 
phism Ward identity 

0 = e-^d, {eT\) + , (3.22) 

where we note the extra force term due to the potential <h. Since the variation in (3.21) 
vanishes for satisfying (3.20) it follows that we have the on-shell conserved 

currents 

d, {eK^T\) = 0 . (3.23) 

One can check that this is indeed the case by using (3.20) and (3.22). 

3.3 Local scale transformations: the dilatation connection 

We now turn our attention to scale transformations. If we assume that the theory 
under consideration is scale invariant, we can assign an appropriate set of dilatation 
weights to the helds such that the combined transformation of the background helds 
transforming with their canonical weights and helds leaves the action invariant. 

We hrst briehy recall how one might derive a conserved dilatation current in the 
case of a relativistic held theory. We assume that the metric has been introduced 
following the minimal coupling prescription. Next we introduce a new connection 6^, 
the dilatation connection, which transforms as 

Sbfj, = + d^Ai ), (3.24) 

where the metric has dilatation weight —2 under Ajj. We introduce by the method 
of Weyl gauging, i.e. we replace the covariant derivative (containing the Levi- 
Civita connection) acting on some tensor T^.'.V with dilatation weight w, i.e. 5T^.V.' = 
—wAdT^'.'.'., by (V^ -|- wb^)TP'.'.'.. Here contains a connection that is invariant 
under local A/) transformations obtained from the Levi-Civita connection by replacing 
the ordinary derivative on the metric by the dilatation covariant one {dfj, — 2b^)gi,p. This 
procedure makes the action invariant under a local A/) transformation. The response 
of the action with respect to a variation of bp dehnes what is called the virial current 
V^. For a relativistic theory we would thus have 

6^,[AD]S[g^’^,bp] = I + V^6A,bp^ 

= I d‘^+^x^AD I^Tp^g^’' - -^dp , (3.25) 

where we ignored a boundary term since we are only interested in on-shell identities. 
If we would also transform the matter helds we have a vanishing variation since the 
action is by construction invariant under local A^i transformations. The variation of the 
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matter fields contains a boundary term and a term that is proportional to the equations 
of motion. Hence on-shell we have 


Vs'-" = (V^gV^) . (3.26) 

It is not automatic that the theory is also conformally invariant. There exist classical 
relativistic theories that are scale but not conformally invariant such as Maxwell theories 
in dimensions different from 4 [49]. Adding non-minimal coupling terms to the action 
leads to improvement transformations of both and V^. 

Turning to scale invariant field theories on a TNG background, we note that the 
TNG analogue of the dilatation connection 6^ and the dilatation invariant connection 
has been constructed in [17] (section 4.3). The dilatation connection reads 

= -v^ (dpTi, - dpTp) - v^bpTp . (3.27) 

z 

and this held transforms under (2.43) as 

6bp = C^bp + ^p^D , (3.28) 

i.e. the same as in the relativistic case. However, an important difference with the 
relativistic case is that there bp is an independent held whereas here only the part v^bp 
is independent. The dilatation invariant affine connection is [17] 

- ^bp) Ty + {{dp - 2bp) hy^ + {dy - 2by) hp„ - {d^ - 2b^) hpy) . 

(3.29) 

Because (3.27) is partially a dependent gauge connection the details of the (anisotropic) 
Weyl gauging procedure are quite diherent. To get a havor of what the diherences are 
we consider a few scale invariant examples. 

3.3.1 The Schrodinger model 

Gonsider the following action that we will refer to as the Schrodinger model for reasons 
that will become clear in section 4.3 

S= j d^+^xe (-i(j)*vPdp(j) + i(j)vPdp(j)* - h^’^dp^dy^* - 2<l#* - l/o(#*)^ 

(3.30) 

This action is scale invariant under the A^, transformations of the background helds as 
given in (2.43) and for dcj) = — with z = 2 and Ajj constant. We can now apply 
the Weyl gauging method to this model, i.e. we replace dpcf) by {dp -|- ^bp) 0 where in 
(3.27) we set z = 2. This gives 

0 {du + ijb^ 0* 


S = I ( —i(f>*vP'dp(p + icp-v^dpcp* 


tr ( 
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d+2 

2$00*-1/o(00*)“ 


(3,31) 


Nothing happens with the v^dn derivatives because the drops out. The connection 
thus only enters via the part h^^^by which is fully determined in terms of the invariants. 
We have thus managed to construct a local dilatation invariant action that only depends 
on the usual background fields <h as well as the complex scalar 0. Adding 

to the action has the effect of changing the energy momentum tensor T^y. Clearly if 
we vary (3.31) with respect to $ we get a different answer for T^y than if we 

vary these fields in (3.30). Varying the background fields in (3.31) under a local Kd 
transformation we get 


5bA^D]S 


/""‘"'A- 


-ZTyV>^T\ + + 2{z - l)r^T^I> 


(3.32) 


If we use the fact that the contribution to the total variation of (3.31) under a local 
Ad transformation that comes from 0 vanishes on-shell we get the z = 2 version of the 
on-shell Ward identity [15] 


-ZTyV^T\ + + 2{z - 1) = 0 . (3.33) 

The Ad transformation of the background fields is induced by diffeomorphisms in the 
form of conformal Killing vectors. This defines the notion of a conformal Killing vector 
as the solution and to the equations 

= -zAdt^ , (3.34) 

C^v'^ = zAdv^ , (3.35) 

jC.^h^,y = -2ADh^y , (3.36) 

= 2ADh ^'', (3.37) 

£^<1 = 2(.s - 1)A^I>, (3.38) 

where here we take z = 2. 

For a Newton-Cartan background, i.e. d^Ty — dyT^ = 0, the Ward identity (3.33) 
where the is the one associated with (3.31) can be rewritten as follows. We do this 
by isolating the contributions from the variation of to in (3.33) and putting 
these terms on the right hand side. This gives 


-ZTyV^T\ + + 2(^ - l)r^T'^<F = e-^d^ {eV^) 


(3.39) 


where is given by 

V^^ = h'^-dy (#*) , (3.40) 

and where in (3.39) is the one associated with (3.30). Even though this scale Ward 
identity looks very similar to (3.26) in the relativistic case, the way we get to it in the 
non-relativistic setting is quite different. 

^^Even though vanishes on a Newton-Cartan background its variation evaluated on a NC back¬ 
ground is nonzero and responsible for the occurrence of the virial current V^. 
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3.3.2 Deformations of the Schrodinger model 

If we set 0 = the action (3.31) can be written as 


^ = / d^+^xe 


r (- -h'^^'d^ed^e - <h 


1 / d \ / d \ 2{d+2) 

ldf,(p +-bf,ipj ldy(p +-K(pj -Votf d 


(3.41) 


We note that we can change the potential to a non-17(l) invariant fnnction with di¬ 
latation weight d -|- 2 and all this would still be true, i.e. we can take e.g. V = 

2(d+2) 

Vq^p d (1 + b6^). Another deformation of (3.41) that preserves local scale invariance 
is to add to (3.41) the term 

—a [ d‘^~^^xeip'^h^’^V= 2a f d^'^^xep> j , (3.42) 


where contains the dilatation invariant connection (3.29). The held 9 has dilatation 
weight zero so these terms are manifestly invariant under local scale transformations. 
In terms of the complex scalar 0 this term is given by 

In all these cases the scale Ward identity is of the form (3.33). Yet, we do not expect 
this to be the answer in general. The examples we have considered all have the property 
that the v'^b^ component, which is the independent component of 6^, drops out. This 
does not always need to happen and in those cases we expect modihcations of (3.33), 
see for example (3.52) and just below (3.56). 


3.4 Local U{1) transformations: promoting to a gauge con¬ 
nection 

So far we have looked at symmetries that relate to the invariant There is another 
such invariant which is that naturally appears when we vary with respect to 
and as in (3.13). As we have seen, the scale symmetries come about by combining 
diffeomorphisms that act on the background helds v^, and $ with scale transforma¬ 
tions that act on the helds living on the TNG background. We will now see that there 
is a second natural way in which symmetries can occur that relates to the presence 
of the background held M^. We will show that it can happen that diheomorphisms 
together with local boosts (and possibly local scale transformations) via (2.43) induce 
a transformation of the type 

N : 6vf^ = 0, 6hf^^ = 0, 6M^ = df,a, (3.44) 
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with a specific a leaving the action invariant (due to diffeomorphism invariance of the 
theory). We denote this transformation by N. It is similar but not identical to the 
transformation denoted by N in section 2.3^^. The diffeomorphisms that lead to (3.44) 
are of the form 


= -A“e^ + zAdv>^ , (3.45) 

, (3.46) 

= -e“ A, - (2 - z)AdM^ + d^a , (3.47) 

whose solution we write as = L^, A^ = and a = a. If the theory has a global 
U{1) invariance that can be made local in which transforms as a gauge held the 
diffeomorphisms leading to (3.44) can become global symmetries. The reason is that 
we can now do a sequence of two transformations that leaves the background helds 
invariant, namely hrst we perform a diffeomorphism of the type (3.45)-(3.47) and then 
we perform a compensating internal local U{1) transformation. The combined effect 
of these two transformations leaves invariant and acts on the helds charged under 
the global U{1). Since this symmetry crucially relies on the presence of the held 
it has no counterpart in a relativistic setting. We will see that the global U{1) can be 
made local by carefully engineering the couplings to the TNG background such that 
the gauge connection becomes M^. 


3.4.1 Local f/(l) invariance of the deformed Schrddinger model 

To make all this more explicit we consider the case of the z = 2 scale invariant model 
(3.41) to which we add the deformation term (3.42), i.e. we consider 


^ = 




xe 


if- \ v^d^e 








1 / d \ / d \ 2{d+2) 


(3.48) 


To make the role of manifest we write it in terms of the and background 

helds leading to 


^ 


xe 


(p2 [d^e + M,) - (d^e + M,) {d,e + 


{d^9 + M^) + 


the beginning of section 2.3 we write for the vector that transforms as a gauge 

connection under the N transformation because However does not transform nicely 

under dilatations. In [17] it is shown that it is rather the field defined as (2 —z)y6^ 

with bfi the dilatation connection, that is the natural N gauge connection because this is how it appears 
in the gauging of the Schrddinger algebra. In this work we will have no need for m^. We just mention 
it for the sake of completeness. 
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d \ 2{d+2) 

du^ + -jbyLp 1 - Vq(P d 


(3.49) 


We see that this theory has a local symmetry 5M^ = dfj^a, 66 = —a. However there is 
a term that spoils it. This is the term on the second line. This problem can 

be cured by adding the following term to the action 




-a j (—e {ev^) + dv^by) (3.50) 

-2a j d^^^^xe^pv^ 


d. 


-a j d^ xe[ 2ipv^ ( 


The notation T>^M°‘ is borrowed from [17] and involves a dilatation covariant connection 
for local Galilean boosts to make the expression boost invariant. Since we have the 
identity [17] 

= -e~^d^ {ev^) + dv%^ , (3.51) 

it suffices for us to use the right hand side which is written in terms of quantities we 
already dehned. The addition of this term can be compared to the introduction of the 
term in (3.30). That term played no role until we started writing things in terms 

of and and its purpose is to create the local symmetry 5M^ = 66 = —a. 

We are thus led to consider the following model 


S = / d'^+^xe 


1 


(p" ( v^d^6 - - ahf^’^Vf,d^6 - $ - ae^V^M'^ 


d. 


+ -bf,^p + -b^p> - Vop> 


d. 


2(d+2) 


= / d'^+^xe 


{d^6 + M^) - -h^'^ {d^6 + M^) {d,6 + M^) - {d,6 + 


d. 


d. 


-2aipv^ d^cp + -bf,ip - d^^ip + [d^p> + -b^p) - Vo^p d 


d. 


2{d+2) 


Using that (3.52) has the local symmetry 


(3.52) 


6Mf^ = dfj^a , 66 = —a , 


(3.53) 


we obtain the on-shell Ward identity 


a^(eT^) = 0, (3.54) 

which is a way of writing the 6 equation of motion. Hence diffeomorphisms of the type 
(3.44) accompanied by a local shift of 6 leave the action invariant leading to additional 
global space-time symmetries. 

This is quite analogous to what happened in the case of the scale transformations 
where diffeomorphisms generate a specihc Kjj = Vt transformation that is 
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then compensated by a scale transformation of the scalar held, so also there it is the 
combined effect of diffeomorphism invariance plus a local scale transformation that leads 
to the existence of more global symmetries. In the case of the scale transformations 
we generalized the notion of Killing vectors to include the diffeomorphisms 
Aj) = that transform the background helds as a specihc transformation and 
we called these Killing vectors conformal in analogy with Lorentzian geometry. One 
might consider to do the same for the case of the (3.45)-(3.47) diffeomorphisms that 
are generated by and A^ = O. However these also involve specihc local boost 

transformations (Aq) that have no space-time counterpart and so we will refrain from 
calling them Killing vectors of some kind^®. 

We also note that the objects and appearing in (3.13) are gauge invariant 
with respect to (3.53). So we observe that is boost invariant whereas — v'^Tp 

is not as follows from (3.18) while on the other hand is not gauge invariant under 

(3.53) whereas h^^Tpp — v’^Tp is as follows from (3.13) (see also the example of (3.52)). 
Since we have SaT’^p = —T^dpa using (3.18), a gauge and boost invariant object for 
the model of (3.52) is p — T''dp6. 

3.5 Comments on the role of 

In cases where we have the local symmetry (3.53) and we write Mp = rhp — dpX as 
we did in section 2.3, we can gauge hx the a transformation to remove y from the 
formalism and the new local symmetry becomes 

Sfhp = dpa , 59 = —a , (3.55) 

where a is the parameter of local particle number N transformations. When y has been 
removed from the action, or what is the same, in the presence of the local symmetry 

(3.53) , the quantity (O^) appearing in (3.9) vanishes. This is the situation discussed 
in [18] and this can be reproduced by our formalism. The current thus corresponds 
to particle number and equation (3.54) expresses its conservation. This makes the 
boost Ward identity (3.10) or (3.16) physical, i.e. not just an identity that has to 
be true due to a built-in structure of local symmetries, such as coming from the use 
of vielbeins and Stiickelberg symmetries, but one that is the consequence of global 
space-time symmetries of the type (3.45)-(3.47). 

We stress though that the notion of coupling a held theory to a TNG background 
that contains x so that we work with Mp rather than with mp does not require the 
presence of such local U{1) transformations so that our formalism also works in more 
general settings. For example if we change the potential K to a function of (p and 6 we 
break the U (1) symmetry but we can still work with the general formalism of coupling to 

^®This is in agreement with the fact Lifshitz space-times can accommodate Schrodinger invariant 
fields (see section 5.5) but, as we will show in section 4.5, its Killing vectors only realize the boundary 
TNG conformal Killing vectors that generate the Lifshitz algebra. 



TNG geometries. In this case no longer corresponds to a conserved particle number 
current because (O^) has becomes non-zero as a result of the potential depending on 9. 
To compute (O^) perform an a transformation such that becomes equal to ffi^ by 
transforming = M'^—d^x- Using subsequently that by definition we 

get the desired result. This transformation acts o\i 9 a.s 9 = 9' + x ^-nd introduces y into 
the potential because now V(cp, 9) = V(cp, 9' + x)- U 0 in the potential is the only source 
of particle number breaking we get (O^) = —d^V. In such a theory the Ward identities 
(3.9) and (3.10) are just to be thought of as consequences of reparametrizations that 
have been built-in to the framework. The relevant quantities are now the background 
fields v^, and $ and the on-shell Ward identities for diffeomorphisms and local 
scale symmetries. This allows us to describe Lifshitz invariant field theories using TNG 
geometries. The response to varying $ can be called the mass density, r^T^, but it 
does not correspond to the component of some conserved mass current. It simply can 
appear in the diffeomorphism and local scale Ward identities. 

A note on our terminology: in cases where we couple to $ we call the mass current 
regardless of whether or not is conserved, i.e. we call the mass current (or particle 
number current) regardless of whether or not we have a local U{1) symmetry whose 
gauge connection is M^j,. We do this because we can either isolate the terms responsible 
for the explicit breaking of the conservation of T'^ by introducing y in the manner just 
described in the text, i.e. because we can compute (O^) = —d^V or because we can 
show that (Oy) = so that the current is the equation for particle 

number conservation. This latter option occurs in cases where we couple to a TNG 
geometry in a manner such that there is no local U{1). In the case of the model (3.52) 
we can spoil the local U{1) symmetry by removing the terms and in the 

first line of (3.52). At the end of section 4.3 and in appendix B we explain in detail 
how one can show that (O^) = e~^d^ (eJ^) and thus find the particle number current 
for the case of a flat NG background. 

In section 4.3 we will study the complex scalar field theory mentioned above on a 
flat Newton-Gartan background and show that we can have various degrees of space- 
time symmetries such as scale invariance with or without conformal invariance and/or 
Galilean boosts. Put another way TNG geometries can accommodate Schrodinger in¬ 
variant field theories just as easily as Lifshitz invariant ones. We will see that the action 
(3.52) on flat space corresponds to a Schrodinger invariant theory for a = 0 but that 
if we change the potential to break the U{1) symmetry while retaining scale invari¬ 
ance this gets reduced to Lifshitz symmetries. The case of (3.52) with a 7 ^ 0 breaks 
special conformal symmetry while retaining Galilean boost invariance. In general the 
generic space-time symmetries for a scale invariant theory are given by the Lifshitz 
algebra which we will show are the conventional symmetries originating from the TNG 
conformal Killing vectors. The enhancement to larger algebras can be realized by the 
aforementioned mechanism relating to the local U{1) symmetry. However before we can 
discuss these models we need to know a bit more about Newton-Gartan space-times in 
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particular flat NC space-times and its conformal Killing vectors. 


3.6 No coupling to $ 

We may also consider the situation in which we do not couple to $ and we only have 
and h'^'' as for example in the case of the z = 2 Lifshitz model 


S 




xe 




(3.56) 


In such cases we have no need for as we can dehne everything in terms of the response 
to varying and i.e. Here 0 is a real scalar with dilatation weight {d — 2)/2. 
We note that we could make the model invariant under local scale transformations by 
replacing hy 

When we do not couple to $ it is more convenient to change the affine connection 
to 

, (3.57) 

where = h^y + 2^T^Ty. This connection is also a.G, J, N invariant that is 

metric compatible in the sense that = 0 = in which contains The 

existence of this connection is explained in footnote 11. Hence when we do not couple 
to <h, we couple to r^, and using the affine connection 


3.6.1 Lorentz invariants 

It is interesting to note that the invariants r^, v^, h^i, and $ of section 2.4 satisfying 

the relations (2.46) can be used to build non-degenerate symmetric rank 2 tensors with 
Lorentzian signature that in the case of a relativistic theory we would refer to as a 
Lorentzian metric. The metric and its inverse g^'^ are given by 

+ 2<i)r^r^ = -r^r^ , (3.58) 

^ (3.59) 

for which we have 

9^luV^ = Ty , (3.60) 

g^,ue'^ = eya- (3.61) 

We just discussed a subclass of held theories coupled to TNG geometries that do not 
couple to $, i.e. actions of the form S = S[v^,h^'^]. We can thus equally write this 
as S' = S[v^,g^''']. This is the situation discussed in [43]. We refrain from calling g^j^y 
a Lorentzian metric except in cases where we do not separately couple to and we 
simply have S = S[g^'^]. When we are dealing with an action of the form S = S[g^'^] 
it is of course best to use the Christoffel connection. All the connections used here, i.e. 
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of (2.48), of (3.57) and the Christoffel connection are related by redefinitions 
snch that any two of these connections differ by a tensor. Hence any one is as good as 
any other one, or put another way they are all affine connections. The difference resides 
from demanding different notions of metric compatibility conditions and dependence 
on I* or M^. 


4 Flat Newton—Cartan space-time 

Building on the general results of the previous section, we now turn to the symmetry 
properties of non-relativistic held theories on hat NC space-time. To this end, we 
hrst dehne our notion of hat NC space-time, after which we determine the residual 
coordinate transformations that leave this invariant. These ingredients will then be 
used to discuss scale invariant held theories on hat NC backgrounds, including the 
particular toy models introduced in the previous section. 


4.1 Definition 


We hrst need to dehne what it means for a Newton-Cartan space-time to be hat. This 
is a relevant question as often we are interested in held theories on hat space-time. For 
us the main reason is that this will turn out to be the dual boundary geometry of a 
Lifshitz space-time in a certain class of coordinates. We are not aware of a covariant 
dehnition of such a concept and we will dehne it in what will be referred to as global 
inertial coordinates (see also [50, 17]). We will give expressions for the variables r^, e“ 
and M^. We start with the vielbeins. For suitably chosen coordinates (f, x*) they are 


This implies that we have 


T = 

f^tt = = 0 , = 5*1 , 

, 

hit hii 0 , hij Sij . 


(4.1) 


(4.2) 


So far we did not specify yet what we should take for M^. In our setup the space- 
time is not dynamical, but we would like things to be such that if we probe the geometry 
with a standard non-relativistic particle of mass m with quadratic dispersion relation 
it obeys Newton’s second law. Since we have set = 5^ there is no torsion in the 
affine connection (2.48) and so we are within the context of ordinary Newton-Cartan 
geometry. 

The motion of a non-relativistic particle of mass m on a NC background is governed 
by the following action [51, 52] 


S 


dXL = — 
2 


dX 


hj 

TpXP 


(4.3) 
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where the dot denotes differentiation with respect to A. This action has a world-line 
reparanietrization symmetry of the form 6X = ^(A) and Using this to fix 

a gauge in which t^x^ = 1 it can be shown that the equations of motion are given by 
the geodesic equation 


cPx^ dx’^ dxP 

-^ - 

dA2 dX dX 


(4.4) 


where Vp^^^ is given by (2.48). We expect this to be the relevant geodesic equation for any 
TNG geometry, however the equation of motion obtained by varying the action (4.3) 
only gives rise to (4.4) when the background is NC. In our coordinates the components 
of VP^^ are 

r;.. = 0, 

T\, = -W (a,M, - d,M,) , 

rL = o. 

Hence in order that we obtain Newton’s second law we must choose 


Mt = dtM + ^, (4.6) 

M, = dM , (4.7) 

so that 

^ = 0, (4.8) 

where $ is the Newton potentiah®. Hence in a flat space we expect straight line mo¬ 
tion in a suitable coordinate system, which here means that we need to take <h = 0. 
Consequently, our coordinate dependent specification of flat space entails the statement 

r;„ = o^M„ = a„Af. (4.9) 

Returning to our discussion of flat NC space-time, we have thus imposed (4.2) and 
(4.9) leaving us with a function M. We now address the significance of this function M. 
So far the description of flat space-time is universal. Certainly flat space should include 
the case M = cst. However we will show in section 4.3 that sometimes we can allow for 
more general functions M because they are identical to M by local symmetries of the 
theory. The set of M’s that are identical to each other by local transformations of the 
theory is what we will call the orbit of M. 

Before discussing the orbits of M for the various scalar field theory models mentioned 
in section 3.4 we study in the next subsection the most general diffeomorphisms that 
preserve our choices (4.2) and (4.9) under the local TNC transformations (2.43). We 
will initially set up the computation more generally including a Newton potential as 
this is interesting and not more difficult than taking $ = 0, i.e. we start with (4.6) and 
(4.7). 

^®Calling $ the Newton potential is only justified for particle motion governed by (4.4). In general 
depending on the dispersion relation one may need to consider more general geodesic equations, see 
e.g. [53] in the context of Hofava-Lifshitz gravity. 
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4.1.1 Energy-momentum tensors for non-relativistic particles 

We pause our discussion of flat NC space-time briefly to use the opportunity to study 
the various notions of energy-momentum tensors deflned in section 3.1 for the case of 
the point particle (4.3). By varying (4.3) with respect to and <h using (3.2) and 

(3.3) we obtain for the result 


T^ = 




(4.10) 


where we used the completeness relation given at the end of (2.46) after we computed 
the components of with the help of (3.12). In this expression is the generalized 
momentum deflned by 


p 


m 


"po- 




TaX' 




+ m- 




mMf, = Pp - mMp , 


(4.11) 


where L is given in (4.3) and where we also deflned the linear momentum p^j,. Next we 
compute the objects 7)^ and 7),^ using either (3.14) and (3.15) or by directly varying 
with respect to v^, and using (3.13). The result is 


% = -TaX°‘p^, (4.12) 

%u = 2r(phj,)pX^n>^ - hy^Kyx'^pp . (4.13) 


As before we can flx X (see eq. (3.15)) by demanding that v^v’^T^iy = 0. Further we 
can choose TcX" = 1 by flxing the world-line reparametrization freedom. The current 
is simply given by 

=—mx^ . (4-14) 

We see that the difference between and Tp, T^u is that depends on whereas 
Tp, Tpu do not. In other words on a flat NC space-time with a Newton potential <h, 
i.e. assuming (4.2), (4.6) and (4.7), the energy momentum tensor depends on $ 
while Tp, Tpi, only depend on the properties of the particle. For example gives 
the kinetic energy of the particle whereas —v^T^T'^p gives the kinetic plus gravitational 
potential energy of the particle. 


4.2 Residual coordinate transformations of flat NC space-time 

As said we start by asking what are the transformations among (2.43) that leave (4.2), 
(4.6) and (4.7) invariant. Substituting (4.2), (4.6) and (4.7) into (2.43) (where the 
transformation of y is irrelevant as we work here with Mp and not with fhp) and 
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demanding that we get zero gives 


0 = STt = dti^ + zKd , 

0 = (5ri = , 

0 = = dti^ + A*, 

0 = + zAd , 

0 = = -2hP^dpi ^, 

0 = (5h** = , 

0 = = -d^^dkC - - 2 AdS^^ . 

(4.15) 

This leads to 


Ad = with = ^\t ), 

(4.16) 

A* = -dtC, 

(4.17) 

0 = di^j + dj^i + 2A£)(5jj . 

(4.18) 

Continuing with the conditions for we first consider 


6Mi = diSM = di + (2 - z)AdM) + 

Ai, (4.19) 

which follows from 5Mp given in (2.43) together with (4.16)-(4.18). 
this that we need 

We conclude from 

Xi = diF, 

(4.20) 

so that (4.17) implies that 


d,F = -dti,, 

(4.21) 

leading to didjF = —dtdj^i so that 


didt^j - djdt^i = 0 . 

(4.22) 

Differentiating (4.18) with respect to t and using (4.21) we get 


didjF = dtAodij , 

(4.23) 

which can be integrated to 


F = A{t) + Bi{t)x" + ^dtAnx^x "-, 

(4.24) 

where A and Bi are arbitrary functions of t. Equations (4.20) and (4.21) become 

Bi{t) + dtAoXi = -dtii = \i . 

(4.26) 

By integration over t we obtain for the expression 


C = -J dt'B\t') - AD{t)F + A\x), 

(4.26) 


34 


where (4.18) implies 


diAj + djAi = 0 , 

(4.27) 

so that 


Ai U/ + ^ijX^ , 

(4.28) 

with Qi and Xij = —\ji constants. 


We thus have now for the local parameters A^i, A* and the following 

conditions 

Ad = —, 

2 ; 

(4.29) 

A* = -dtC , 

(4.30) 

e = e{t) , 

(4.31) 

pt 

C = - dt'B\t') + a* + A>^' - AD{t)x^ • 

(4.32) 


Further from equations (4.19), (4.20) and (4.24) we find for 5M 

SM = ^*dtM + + (2 - z)XdM + A{t) + Bi{t)x^ + ]^dtADX^x ^. (4.33) 

We still have the condition Mt = <F + dtM. Using 5M^ given in (2.43) together with 
(4.16)-(4.18) and (4.33) we hnd that the Newton potential transforms as 

5$ = + 2(1 - z)Kd^ - dtAit) - dtBi{t)x^ - + (^ - 2) {dtAD)M , (4.34) 

where and Ko are given in (4.29)-(4.32). This includes the acceleration extended 
Galilei symmetries (see e.g. [50]) but also transformations under dilatations and special 
conformal transformations when z = 2 (which correspond to a non-constant time de¬ 
pendent Ad). These transformations are also contained in [17] (sections 2.2.3 and 2.3.2) 
but they were not made explicit there because of different gauge hxing conditions'^. 
When {z — 2)dtAD ^ 0 there is an additional term in (4.34). The relevance of this term 
will be discussed in the next subsection. 

Going back to our notion of a flat boundary as dehned in the previous subsection 
we set <h equal to zero. In order that this choice is respected by the transformations of 
our holographic setup we must demand that 5$ = 0 leading for {z — 2)dtAD = 0 to the 
conditions 

7l = -G, B, = -Vi, dlAD = Q, (4.35) 

where C and u* are constants and for {z — 2)dtAD 7 ^ 0 to the condition 

dtA{t) + dtBi{t)x" + ^d'fADX^x" = {z - 2){dtAD)M. (4.36) 

We will now summarize the results regarding the residual coordinate transformations 
of flat NG space-time. 

thank Eric Bergshoeff for useful discussions on this point. 
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4.2.1 Summary 

Consider first the case {z—2)dtA£) = 0. Using (4.29)-(4.33) as well as (4.35) we conclude 
that the conditions (4.2) and (4.9), which are necessary for a flat NC space-time, are 
preserved by the following local transformations of our holographic model 


Ad = —X — 5z,2ct , 

= a -f zXt -|- ) 

C = vH -f- a* -|- X^jX^ + Ax* -|- 5z^2ctx ^, 
A* = —n* — 5z,2Cx^ , 


with M transforming as 


5M = i^dtM + CdiM - (2 - z)XM -C- n*x* - -( 5 ^, 2 cx*x* 
The hnite versions of these transformations are 


M\x) = M{x) + C 
t' = t + a 
x'* = X* -1- a* 
x'* = WjX^ 
t' = XH 

x'* = X* -I- vH 


M'(x') = M(x) 

M'(x') = M(x) 

M'(x') = M(x) 
x'* = Ax* M'(x') = A^“^M(x) 
t' = t M'(x') = M(x) — \v^vH + n*x* 


(4.37) 

(4.38) 

(4.39) 

(4.40) 


(4.41) 


(4.42) 


where R'jWk = ^k- For z = 2 we also have the special conformal [K) transformation 
t 


t' = 


1 — ct 


x'* = 


X 


1 — ct 


M'(x') = M(x) + - 


2 1 — ct 


(4.43) 


To go back to the inhnitesimal versions note that we use x'^ — x'* = and M(x) — 
M'{x) = 6M. For some parameters we use the same symbol for the hnite and inhnites¬ 
imal transformations. 

When {z — 2)dtAD 7 ^ 0 we conclude that the residual transformations are (4.29)- 
(4.33) where the functions A{t), Bi{t) and Ad must obey (4.36). 

In order to get a feeling of the role of the M-changing residual coordinate transfor¬ 
mations we will now study the toy models of section 3.4 on hat NC backgrounds. 


4.3 Scale invariant field theories on fiat NC backgrounds 

In section 3 we studied held theories on general TNC geometries. In this section we 
will take a closer look at the case of {z = 2 ) scale invariant held theories on a hat NC 
space-time and study in particular the role played by M. To this end we consider the 
models (3.52) and (3.56). 
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If we specify our background to a flat NC space-time as given in (4.2) and (4.9) the 
action (3.52) becomes 


S 



dt {e + M) + ]^di {e + M) a* (0 + M) + adid^ {d + M) 


I 2{d+2) 

--diipd'-cp - Vo(p d 



(4.44) 


where we discarded the term 2a J d'^~^^xipdt(p (coming from the first term in the last 
line of (3.52)) since it is a boundary term and where we have added a 6 shift symmetry 
breaking term to the potential. Further we will also consider the Lifshitz model (3.56) 
which upon substituting (4.2) and (4.9) reads 


S = 





(4.45) 


We now address the question which of the residual transformations (4.42) and (4.43) 
leave (4.44) and (4.45) form invariant. For a = 0 the action (4.44) is invariant under 
the K transformations (4.43) with ip transforming as = (1 However when 

a 7 ^ 0 in the action (4.44) or when we consider the action (4.45) the K transformations 
(4.43) are no longer local symmetries. With respect to the transformations (4.42) both 
models (4.44) (with arbitrary a and b) and (4.45) remain form invariant. The held 
6 transforms as a scalar with zero dilatation weight under these residual coordinate 
transformations while (p in (4.44) and (j) in (4.45) transform as (p = X’^^'^ip' and 0 = 
y((i- 2 )/ 20 /^ respectivelyis. We will only speak of global symmetries once we have removed 
M from the action as we will do shortly. 

If the models (4.44) and (4.45) really correspond to hat space we should be able 
remove M somehow since we dehned hat NC space-time as corresponding to M = cst 
together with all other M’s that give actions that are identical to the one with M = cst 
by local transformations, i.e. held redehnitions. When 5 = 0 in (4.44) this can be 
done by dehning 6 = 6 + M which is gauge invariant under the local a transformations 
discussed in section 3.4. If we make this redehnition with 6 = 0 we get 


S 



dJ + -dMe + ad^e 


X 2{d+2) 

-diipd^ip - Vo(p d 


(4.46) 


It is straightforward to check that this theory has Lifshitz symmetries. Further it also 
has Galilean boost invariance because 


t = t' , X* = x'* — vH', (4.47) 

^®The models (4.44) with b 0 and (4.45) both correspond to Lifshitz invariant field theories, but 
note the different scaling dimensions of the scalars y and (j). It is much easier to construct interacting 
Lifshitz invariant theories that are of the type (4.44) with b ^ 0, which in fact is an example of an 
interacting Lifshitz theory, than it is for (4.45). The model (4.44) has the property that when the 
interactions are turned off, i.e. a = b = 0, it becomes Schrbdinger invariant. 
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e = e' + ^v^vH' - v^x '^, ( 4 . 48 ) 

leaves the action invariant. However, the special conformal transformation K is broken 
by a 7 ^ 0 . 

The fact that the model (4.44) with 6 = 0 has a local U{1) (whose local parameter 
is a) is what enables us to remove M from the action entirely so that we have no 
more background helds and we can just work with helds and their transformations. 
It is the combined effect of the local U{1) (a) symmetry and the residual coordinate 
transformations (4.42) and (4.43) that makes the model whose ‘physical’ held is i9 = 
9 + M Schrodinger invariant for a = 0 and Lifshitz plus Galilean boost invariant for 
a 7 ^ 0. When we speak of hat NC space-time in these models we mean any M that can 
be generated by (4.42) and for a = 0 even including (4.43). 

If we consider the model (4.44) with 6 7 ^ 0 or the Lifshitz model (4.45) there is 

no local symmetry that allows us to perform a held redehnition that removes M from 

the action. Hence in this case hat space corresponds to setting M = cst and the only 

residual coordinate transformations are those that preserve this choice of M. From 

(4.42) it is clear that these form the Lifshitz group^®. In the potential of (4.44) we can 

2 

also consider V = + bcos^{c9)) so that we keep a nontrivial discrete shift 

symmetry while breaking Galilean boosts. 

The energy momentum tensor 7)^, of section 3.1 for the case of the model (4.44) 
with 6 = 0 is gauge invariant (as shown in 3.4) under the a transformations and thus 
depends on the held 6 while the M dependent object is better suited for the study 
of conserved currents (see sections 3.2 and 3.3). When 6 7 ^ 0 in (4.44) or when we are 
dealing with (4.45) on hat NG space-time we have = 0 so that 7)^, and T'^^ 
become the same object as follows from the relation (3.18). 

The model (4.44) was obtained by putting the action (3.52) on a hat NG background. 
The action (3.52) has a built-in local U{1) symmetry with gauge connection which 
was very convenient for us to deduce that there must a exist a conserved current 
related to particle number. The terms that are responsible for the extra local U{1) 
symmetry are the last two terms on the hrst line of (3.52) involving $ and 
Since one might wonder how crucial these terms are, we have included appendix B 
which address this issue. 

^®We thank Jan de Boer for useful discussions on the roles of Lifshitz symmetries and global t/(l) 
transformations. For example an interesting question is the following. It is clear that the existence 
of a global U{1) symmetry is a necessary condition for the occurrence of Galilean boost symmetries. 
Making this a local symmetry relies on how we choose the couplings to the TNG geometry in section 
3.4 such that becomes a gauge field. An important question is then how general this mechanism 
is. In other words given a global U{1), can we always promote it to a local f7(I) using or are there 
restrictions. Put yet another way, when does Lifshitz plus a global t/(l) imply Galilean boosts? 
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4.4 Orbits of M 


We first consider the case z = 2. We have seen in the previous subsection that the orbits 
of M, i.e. all M that are equivalent to M = cst depend on the theory. What is model 
independent is that for sure the M’s in an orbit are related by the transformations 
(4.42) and (4.43) and that M = cst is among them. If this is all we assume we obtain 
the largest possible orbit of M. As we have seen in the previous section this is the orbit 
that underlies the Schrodinger invariant theories (see the a = h = t) version of (4.44)). 
If we take a 7 ^ 0 the orbit shrinks because (4.43) or no longer allowed and when 6 7 ^ 0 it 
collapses to the point M = cst. In this section we will study the largest orbit, in more 
detail. The results will prove useful later when we look at Lifshitz space-times. 

Using the hnite transformations (4.42) and (4.43) we can by starting with M = cst 
generate a function that is at most quadratic in x* where the quadratic piece is a trace 
by which we mean a term of the form i.e. M will be of the form 

M = a{t) + bi{t)x'' + c{t)x’'x’'. (4.49) 


However the time dependence of the coefficients is not arbitrary. The time dependence is 
hxed by the following observation. The solution M = cst and all other M obtained from 
this by performing the residual transformations (4.38), (4.39) and (4.41) are solutions 
of the equation 

$ = dtM + ^diMd^M = 0 . (4.50) 


Put another way, acting on any solution of (4.50) with a Schrodinger transformation 
of the form (4.38), (4.39) and (4.41) leads to another solution of equation^° (4.50). 
Equation (4.50) allows us to hx the time dependence of the form of M given in (4.49) 
to be either 


M 


(x^ -4)(x^ -x(,) 
2 (f-fo) 


(4.51) 


when c in (4.49) is nonzero or 


M 


C - -V^VH + Wx*, 


(4.52) 


when c in (4.49) is zero. In these expressions to and Xq are arbitrary constants. There 
are thus three families of solutions given by i). M = cst, ii). M is linear in x* as in 
(4.52) and hi). M is (trace) quadratic in x* as in (4.51). Equation (4.49) is equivalent 
to the following differential equations for M 


0 = didj&M , (4.53) 

0 = didjM - ^dijdkd’^M. (4.54) 

(Jj 

We conclude that a complete specihcation in terms of differential equations of the 
functions M that are related to M = cst via the residual transformations (4.42) and 

thank Matthias Blau for pointing this out. 
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(4.43) is given by (4.50), (4.53) and (4.54). These differential equations allow us to 
treat all three cases of functions M in a uniform manner. 

As a curiosity we mention that when (4.53) (but not necessarily (4.54)) holds there 
is a map from solutions to (4.50) to solutions of the Schrodinger equation. This follows 
from the fact that^^ 

+ 5^)exp[-M —- / = 0 , (4.55) 



for any M satisfying (4.50) and (4.53) where = did\ This includes solutions to 
(4.50) and (4.53) that are not in the M = cst orbit because they do not solve (4.54). 
An example of such a function M is 

M = I) , (4.56) 


where x denotes a single coordinate and not the vector x®. This solution does not obey 
(4.54). To see how the Schrodinger transformations (4.38), (4.39) and (4.41) generate 
new solutions to (4.50) and (4.53) one can check that there is another solution to (4.50) 
and (4.53) that is in the same orbit as (4.56) given by 


M = 


2t 


c 

2 1 - cf ’ 


(4.57) 


where we took d = 2. This is obtained by acting on (4.56) with the K transformation 
(4.43). Since the functions (4.56) and (4.57) are not in the M = cst orbit they do not 
correspond to a flat NC space-time. 

We now turn to the orbits of M when z ^ 2. In section 4.2 we showed that for 
c^fAfl = 0 the residual transformations are given by (4.42) and that when SjA^) ^ 0 
they are given by (4.29)-(4.33) subject to (4.36). The latter requirement tells us that 
again M can be at most quadratic in x® so that it is of the form (4.49). We conclude 
that (4.53) and (4.54) also apply to the case z ^2. 

In the z = 2 case we were able to conclude, by using the z = 2 Schrodinger transfor¬ 
mations, that $ must vanish and that therefore (4.50) has to be obeyed. However we 
could have derived it in another way as well which uses an argument that is valid for 
all 2 ; and that goes as follows. The function <f) is a scalar with dilatation weight 2{z — l) 
under all local transformations of our model namely (2.43), i.e. it transforms as 


6^ = + 2(1 - z)Ad^ , (4.58) 

which follows from its definition (2.44) and (2.43). For the M = cst orbit $ is zero 
because = 0 so that 5*1) = 0. Hence <F vanishes for all solutions of the M = cst orbit 

zero we mean up to possible delta functions on the right hand side as for example the function 
exp[|M — \ f* dt'd^M] for M given by (4.51) is the Green’s function of the free particle Schrodinger 
equation, see e.g. [54, 55]. 
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because these are generated by the <5$. We conclude that for any M in our M = cst 
orbit it must be that $ = 0. Hence also when z ^ 2 we must obey (4.50). Therefore 
for z 7 ^ 2 the function M must obey the same set of equations, namely (4.50), (4.53) 
and (4.54) as for z = 2. 

It is crucial that for each M which solves these three equations we can hnd a residual 
transformation that makes it equivalent to M = cst. Going between M = cst and a 
linear M of the form (4.52) is achieved by (4.42) with z ^2. For transformations from 
M = cst or the linear M of (4.52) to the trace quadratic M of (4.51) we need to use 
(4.29)-(4.33) subject to (4.36). We can solve the latter equation separately for the three 
families of M. For example if we take the quadratic M of (4.51) we get^^ 


A = -^cXoXo(t - fo)^ ^ , (4.59) 

= cxi{t - toy-\ (4.60) 

Ad =-(4.61) 

Z -L 

in which case we obtain the residual transformation 

e = ^{t-tor, ( 4 . 62 ) 

Z -L 

f = —^(x* - x(,)(t - toy -^, (4.63) 

z — 1 


SM = yOtM + ydjM + (2 - z)AdM - ^c(x* - xi){x^ - xi){t - to)""^ • (4.64) 

These transformations with parameter c look like a. z y 2 version of a special conformal 
transformation. However we will see in the next subsection that the generic in (4.38) 
and (4.39) does not combine with the given in (4.62) and (4.63) under the action of 
the Lie bracket to give a residual transformation. This only works if we set a = a* = 0. 
Hence the residual transformations with a = a* = 0 form a group with the c y 0 
transformations (that will be shown to be isomorphic to the Lifshitz algebra in the next 
subsection) and the residual transformations with c = 0 form the z y 2 Schrodinger 
algebra without particle number. 

4.5 Conformal Killing vectors of flat NC space-time 

Now that we have the residual transformations of flat NC space-time at our disposal, 
namely (4.37)-(4.41) and (4.62)-(4.64), we can ask which of these transformations 
correspond to conformal Killing vectors. Since M is the only held left that is still 
transforming we simply need to set 5M = 0. In this section we will show that we can 
get the same answer by solving the TNG conformal Killing equations (3.34)-(3.38). To 
this end we substitute (4.2) and (4.9) into the TNG conformal Killing equations. 

will not explicitly write the other solutions of (4.36) for M = cst and a linear M and the 
corresponding residual transformations (4.29)-(4.33). 
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Substituting the above choices into (3.34) we get 


(4.65) 

(4.66) 


dtK^ = -zQ, 
diK^ = 0. 

It follows that 

a*!] = 0 . (4.67) 

Doing the same with equation (3.37) we find 

diKj + djKi = -2Vt5ij . (4.68) 

The t component of equation (3.37) is equivalent to (4.65) while the i component leads 
to 

dtKi = di {CkM -{z- 2)DM) . (4.69) 

The most general solution to (4.68) can be written as 

= A\t) + - n{t)x^, (4.70) 

where A*j(t) is antisymmetric so that 

dtK^ = dtA\t) + dtyj{t)x^ - dtVtx ^, (4.71) 

Differentiating (4.71) with respect to x^ and using (4.69) to establish symmetry in i 
and i we get 

dtXj = 0 . (4.72) 

Using (4.71) with (4.72) on the left hand side of equation (4.69) we can integrate the 
right hand side of (4.69) to obtain 

CkM = x^dtA^ - + {z - 2)DM + C{t), (4.73) 

where C{t) is an arbitrary function of t. The ti and ij components of equation (3.36) 
give nothing new but the tt component tells us that 

dt {CkM) = {z- 2)VtdtM. (4.74) 

Substituting (4.73) into (4.74) we find 

x^d^A^ - ^x^x^d^n + {z- 2)dtnM + C'{t) = 0 . (4.75) 

Equation (3.35) gives nothing new. 

When {z — 2)dtCl = 0 equation (4.75) is solved by 

W = a* + vH , 

D = —A — 1 
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(4.76) 

(4.77) 


C = cst, (4.78) 

and equation (4.73) becomes 

CkM = + -5z,2Cx''x'^ + (2 — z)XM + C , (4.79) 

and from (4.65) and (4.70) we see that the Killing vectors become 

= a + zXt + 5z,2ct^ , (4.80) 

K* = a* + vH + X^jX^ + Ax* + 5z,2ctx '‘, (4-81) 


provided we can solve (4.79). We thus see that the conformal Killing vectors agree 
with the residual diffeomorphisms given in (4.38) and (4.39) whenever M is such 
that (4.41) vanishes. 

Next we consider the case {z — 2)dtXl ^ 0. As we saw in the previous subsection 
there are three families of functions M. If we take M = cst and a linear M and we 
substitute this into (4.73) and (4.75) it follows that dtVL = 0 and so these cases have 
already been covered. However if we take the quadratic M of (4.51) we hnd a new 
solution to (4.73) and (4.75) which reads 

n = -{t-t,Y-\ (4.82) 

= {t-toY, (4.83) 

K* = (x*-x(,)(f(4.84) 

This can also be found by setting 6M = 0 in equation (4.64) with M given by (4.51). 

What we hnd is that for each of the three families of M the Killing vectors that 
obey (4.73) and (4.75) always form the Lifshitz algebra. 

M = cst H, D, Pi, Jij, (4.85) 

M = K,D,G,,Ji,, (4.86) 

M = - W^VH + Wx* H, D, Pi, Jij , (4.87) 

where K* is some constant velocity and where we set to = 0 = Xq in (4.51). The last 

one requires 

C = + V^ai, (4.88) 

Vj = V^Xij + {z- l)XVj , (4.89) 

in (4.79) for a KV of the form 

aH + YPi + ^X^^Jij + XD . (4.90) 

The Killing vectors H, Pi, Gi, Jij, D, K are given by 

H = di, Pi = d,, 

Gi = tdi, Jij = Xidj - Xjdi, (4.91) 

D = ztdt + x^di, K = Pdt + P~^x'’di, 

where the latter requires H = —P~^. For z this has the property Y 0- 
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4.5.1 A local realization of the Schrodinger algebra on M 

We can use these vectors to generate the maximal orbit studied in section 4.4. To this 
end we denote by N the operator that shifts M by a constant (see equation (3.44)). 
We can write down the following Schrodinger algebra of vectors 

H = dt, P^ = ^,, 

Gi = tdi + XiN , Jij = Xidj — Xjdi , (4.92) 

D = ztdt + x'^di , 

where for z = 2 we also have 

K = t^dt + tx^di + ^x^x^N . (4.93) 

These generate the transformation of M as given in (4.41). Solving 5M = 0 for a given 
M always leads to a Lifshitz subgroup of the Schrodinger algebra. The generators that 
do not leave M invariant were denoted by below (3.47). In order that these orbit 
generators become global symmetries we need to consider couplings to TNG geometries 
for which becomes a gauge connection as explained in sections 3.4 and 4.3. 

We have not studied any held theory models with 2 ; 7 ^ 2, so it is more difficult to say 
what happens in that case. Again, when z ^ 2 we get a Lifshitz algebra of conformal 
Killing vectors for every choice of M. It would be interesting to extend the analysis 
of section 4.3 to the z ^ 2 cases and see how the Galilean boosts can be added. In 
particular it would be interesting to understand the status of the K transformation 
which for z ^2 cannot be added to the Schrodinger algebra. 

5 The Lifshitz vacuum 

In section 2 we have shown that the sources in Lifshitz holography transform under 
a local action of the Schrodinger algebra. Here we will derive this for the case of an 
exact Lifshitz space-time, i.e. the sources that describe the Lifshitz vacuum transform 
under a local Schrodinger group consisting entirely of bulk PBH transformations. The 
Killing symmetries are always given by a Lifshitz subalgebra of the Schrodinger algebra 
spanned by the PBH generators. In a suitable set of bulk coordinates and seen from 
the boundary point of view this corresponds to a flat Newton-Gartan geometry whose 
conformal Killing vectors span the Lifshitz algebra with the Schrodinger symmetries 
being realized locally on the Newton-Gartan vector 

We have shown by studying held theory on Newton-Gartan geometries in sections 
3.4 and 4.3 that this is the natural way in which held theories realize global Schrodinger 
invariance through a mechanism in which the helds eat up the background held M in 
such a way that M disappears from the theory. This involves an M-dependent held 
redehnition. The resulting held theory has a global Schrodinger symmetry in which 
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always those generators outside a Lifshitz subalgebra are realized as projective trans¬ 
formations. In the example of section 4.3 it is the held 0 = that transforms 

projectively under the non-centrally extended Schrodinger group, i.e. the Schrodinger 
group without the particle number generator. These are obtained from unitary repre¬ 
sentations of the centrally extended Schrodinger group [56, 57]. This is based on the 
fact that the unitary irreducible representations of the Galilei group require the cen¬ 
tral extension to the Bargmann algebra [58]. Here the central element corresponds to 
shifting M which is not a space-time coordinate. Hence the representations become 
projective. This is what we see in the case of the toy models of section 4.3. These 
projective realizations of space-time symmetries cannot be predicted by only looking 
at Killing vectors. To this end we study probe helds on a 2 ; = 2 Lifshitz background in 
section 5.5 and show that we can construct probe actions that are invariant under the 
entire z = 2 Schrodinger algebra. We take this to suggest that holographic realizations 
of Schrodinger invariant held theories involve dynamics on Lifshitz geometries in the 
bulk. The role of particle number is tied to the manner in which the helds couple to 
the Newton-Cartan vector = d^M. Before we get to those results we start by 
explaining how the function M appears in the Lifshitz metric. 


5.1 One Lifshitz metric for all M 


It is well-known that the Lifshitz metric can be written in Poincare type coordinates as 

(jv^ 1 

ds^ = ^-J^+ dx^dx\ (5.1) 

The Killing vectors of this metric agree with (4.85) where for the dilatations we need 
to add an obvious rdr to the conformal Killing vector D in (4.91). It is thus tempting 
to suggest that this form of the metric corresponds to M = cst. Another possibility 
is to consider a trace quadratic M. From (4.86) we read oh that in that case the 
boundary conformal Killing vectors are given by G, J, D and K in (4.91). These form 
a Lifshitz algebra, and we now address the question how these can be realized in the 
bulk. We make a naive suggestion which is to add r to the boundary conformal Killing 
vectors that are not also Killing vectors, i.e. D and K in (4.91) as if it were another x* 
coordinate. That is, following [19] we try 


Gi = td ,, (5.2) 

Jij = Xidj - Xjdi , (5.3) 

D = ztdt + x^di + rdr,, (5.4) 

K = t^dt + {x^di -I- rdr) ■ (5.5) 


Imposing that these are the Killing vectors of a metric leads to the following expression 


/ dr dt 


ds^= -- + ^ 


y r 


t 


de 




dx^ ——dt 


(5.6) 
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To see that this is indeed a Lifshitz metric one can use the transformation (for z = 2) 


t = — 


1 

f ’ 


^ ~ ~V ’ 


(5.7) 


which brings the metric to the usual form. The general 2 ; transformation will be given 
below. 

The metric (5.6) depends on boundary coordinates and it is suggestive to rewrite 
this in terms of M = via diM = jt and did^M = d/t. We never need to use 
time derivatives of M as these are determined via (4.50) in terms of spatial derivatives. 
Doing so we get 





1 V 

-did^Mdtj - 



ffMdty . 


(5.8) 


In section 4.4 we have shown that the orbit of M relevant for flat NC space-time contains 
only three cases: constant, linear and trace quadratic M functions. Hence it may well 
be that (5.8) is indeed a Lifshitz metric for any M in the maximal orbit of section 5.8. 
We will now show this to be the case. 

Dehne 

1 ri 

dt'd'^M] {dx^ - d^Mdt) . 


e = exp^-- 


One can show that 


de* = 0 

provided that (4.53) and (4.54) hold. Hence we can write 

dx* - d^Mdt = exp[- / dt'd‘^M]dx‘ 

where x'* are some new coordinates. In order that 

- (dx* - d^Mdt) = -dx'* 


we define 


r = r exp [— 


d 


dt'd^M]. 


(5.9) 

(5.10) 

(5.11) 

(5.12) 

(5.13) 


This also turns — — ^did^Mdt into Finally in order that r ^dt = r' ^dt' we define 

r n r' 


r‘ 


dF = exp[—- / dt'd‘^M]dt. 


(5.14) 


We conclude from this that the metric (5.8) is pure Lifshitz for any M satisfying (4.53) 
and (4.54) but that (4.50) is not needed. Further the massive vector field is for any 
metric of the form (5.8) always simply B = ^. 

In section 2 we defined the sources for asymptotically locally Lifshitz space-times 
in a (conformally) radial gauge (2.7). For an exact Lifshitz space-time R = 1 and we 
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are in radial gauge. However (5.8) is not in radial gauge. Suppose that somehow the 
off-diagonal drdt term in (5.8) was not there. Then we can use the dictionary of section 
2 to read off that the sources are 



(5.15) 


M^ = d,M, 


<h = 0. 


where we used (4.50) to conclude that Mt = dtM and where M obeys (4.53)-(4.54). 
In the next section we will show that there always exists a coordinate transformation 
that brings (5.8) to radial gauge without modifying the sources. We remind the reader 
that this is exactly the two step way of viewing a PBH transformation as explained in 
section 2.3. First we perform a boundary dependent rescaling of the radial coordinate 
possibly together with a boundary diffeomorphism as in (5.7) (corresponding to choose 
Aj) and in (2.41) and (2.42) and then we perform a second transformation which is 
subleading in that it does not act on the sources that brings the metric back to radial 
gauge. In the next subsection we construct this transformation for the case M = 

Once we have established it for that case it is straightforward to generalize it to any 
trace quadratic M as in (4.51). For linear M the metric (5.8) is already in radial gauge 
so there is nothing to do. 

5.2 Coordinate transformation to radial gauge 

Consider the metric (5.6) for M = x'^x''/2t and z = 2 with the massive vector given by 


dt 


(5.16) 


B 


r 


We know how to transform this to the standard Lifshitz metric. This goes via the 
transformation (5.7) leading to 



(5.17) 


where the massive vector is 



(5.18) 


where we replaced primed coordinates by capitalized coordinates. 


Next perform the following coordinate transformation^^ 



(5.19) 


^^The (T,R) to (t,r) coordinate transformation is an isometry of the AdS 2 metric — 
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R 


r 1 

t 


This leads to the following radial gauge metric 


ds^ 



dR 1 


ii^) (*‘ - T*) (*' - T''*) 


(5.20) 

(5.21) 


(5.22) 


and massive vector 


B = 


1 + 


lr_ 
4 *2 


dt 


dr 


1 r 4 .^2 


1 


(5.23) 

We have thus obtained a radial gauge metric with the sources corresponding to a flat 
NC space-time with M = /2t. 

We see that close to the boundary at r = 0 the coordinate transformation (5.19)- 
(5.21) becomes the inverse of (5.7). In fact the transformation (5.7) is of the form 
of a (f, x*)-dependent rescaling of the radial coordinate r accompanied by a boundary 
diffeomorphism which is precisely what a PBH transformation is at leading order (see 
section 2.3). What a PBH transformation does on top of this is that it ensures that 
the radial gauge form of the metric is preserved. In other words for every A/j and 
that constitute the leading order part of a PBH transformation (2.41) and (2.42) there 
exists a trivial bulk diffeomorphism that brings it back to radial gauge. By a trivial 
bulk diffeomorphism we mean those coordinate transformations that do not act on the 
sources which therefore are of order and higher in (2.41) and (2.42). This is precisely 
what happens in (5.19)-(5.21); it is a combination of the inverse of (5.7) followed by a 
trivial bulk diffeomorphism which are subleading in r to maintain the radial gauge form 
of the metric. Hence the residual coordinate transformations of (5.22) act in exactly 
the same manner on the sources as those of (5.6)^^. 

The way in which we obtain the coordinate transformation (5.19)-(5.21) is as follows. 
The metric (5.6) has manifest K, Ga, D and Jab Killing vectors. In radial gauge we 
have to drop manifest K invariance. We thus make an ansatz for the most general 
metric with manifest Ga, Jab and D Killing vectors. This ansatz is of the form 


,2 ^ dR 

ds = — -Fi — 


^dijF2 i dx" - —dt 


t 


dF - jdt 


(5.24) 


and massive vector 

dt dr , , 

B = Hi- + H2—, 5.25 

^^Since we are dealing with the Lifshitz vacuum there are no vevs turned on. If one defines the vevs 
via certain coefficients in the near boundary expansion in the gauge (2.7) it is important to maintain 
the conformally radial gauge of (2.7) at least up to orders where the vevs appear in order to find out 
how they transform under a PBH transformation. 
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2 

with Fi, F 2 , Hi and H 2 arbitrary functions of ^ (as follows from Ga-, Jab-, D invariance). 
The equations (A.45)-(A.50) provide us with a coordinate independent dehnition of a 
Lifshitz space-time. We solve equations (A.45)-(A.50) with the boundary condition 
that Fi and F 2 go to unity as r goes to zero. The solution we obtain is (5.22). By 
comparing (5.22) and (5.18) with (5.17) and (5.23) we obtain (5.19)-(5.21). 

One can perform a similar calculation for z ^ 2 and the structure of the PBH 
transformations guarantees that a transformation to radial gauge should exist, so we 
leave the explicit construction of this transformation for general 2; for future work. 


5.3 Symmetries of the Lifshitz space-time 

In section 4.2 we derived the residual coordinate transformations that preserve the gauge 
choice in which we dehned flat NC space-time. These transformations are (4.37)-(4.41). 
We now want to understand what these correspond to from a bulk perspective. The 
transformations used to derive the residual transformations (4.37)-(4.41) were (2.43) 
which have been shown in section 2.3 to correspond to the local bulk transformations 
that preserve the boundary conditions. Since we can bring (5.8) to radial gauge without 
changing the sources, the bulk duals of the transformations are (4.37)-(4.41) must be 
the bulk diffeomorphisms that preserve the form of the metric (5.8). As a check of this 
statement we will show that this is the case for z = ‘2. 

The residual bulk diffs are generated by a that obeys 

^9rr ^(9rr 0 , 

6grt = C-^grt = -2^9'^ 5M , 

^gri ^C,gri 0 ; 

5git = Cc^gu = -^di6M, 

^gij ^c,gij 0) 

^gtt = Mdi5M + Md‘^5M. 


(5.26) 


Further we need to demand that the conditions (4.53) and (4.54) that make the metric 
Lifshitz are preserved, meaning we impose 


did‘^5M = 0, 

didjSM — = 0. 

a 


(5.27) 

(5.28) 


Finally, on the boundary we have imposed the conditions F^^ = 0 and $ = 0. This 
means that we need to preserve (4.50) as well which means 


dt6M + d^MdiSM = 0 . 

Solving (5.26)-(5.29) leads to 

C = -rAn{t), C^ = e, 


(5.29) 


(5.30) 
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= ^*(t) such that = —2Ad , (5.31) 

= -25,, Ad. (5.32) 

dtii = -diF , (5.33) 

5M = + F such that = 0 , (5.34) 


where F is dehned in section 4.2, see around equation (4.21). The combination 
F was called a in (3.44). The solution to these equations is exactly given by (4.37)- 
(4.39) and (4.41). In order to obtain the result (4.40) one must demand that the 
local Galilean boosts only affect and not i.e. impose 5h^„ = 0 using the 
transformations (2.43). 

All bulk residual coordinate transformations (5.30)-(5.34) are nothing other than 
ordinary PBH transformations. Hence they are local symmetries of the on-shell action. 
Therefore to hnd the symmetries of the space-time we solve 

5gMN = 0 = 5Bm (5.35) 

which using (5.26)-(5.29) implies 

5M = 0 (5.36) 

and the resulting set of symmetries are none other than (4.79)-(4.81). For every M 
that lies in the M = cst orbit the solution to 5M = 0 provides us with a set of Lifshitz 
Killing vectors. The condition 5Bm = 0 with B = ^ gives nothing new as it is an 
invariant under the residual coordinate transformations. 

The 5M transformations are generated by (4.92) that form the Schrodinger algebra. 
In other words the generators of the PBH transformations that preserve the boundary 
conditions (5.15) span the Schrodinger algebra. In section 5.5 we will see how this 
structure can give rise to global Schrodinger invariance of certain probe helds on a 
Lifshitz space-time. 

5.4 The particle number current 

The local transformations of the source M will lead to a Ward identity for in 

much the same way as we derived in appendix B. Any solution of the bulk equations 
of motion of our bulk theory (2.1) with boundary conditions such that the boundary 
geometry is described by flat NC space-time, i.e. with sources hxed to be as in (5.15), 
will have a local Schrodinger algebra realized on M. Since the transformations acting 
on M are induced by bulk diffeomorphisms we have the result that 

I , (5.37) 

where 55');“ ^eii [M] is the variation of the on-shell action obtained after performing 
holographic renormalization for sources given by (5.15). This action only depends on M 
which is the only source left unhxed. For details about the holographic renormalization 
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see [16]. The precise form of the counterterms is not relevant for the discussion here. For 
variations 5M that obey (5.27)-(5.29) the variation (5.37) vanishes. Hence we obtain 


= -dtXi - d,{X,d^M) - + ( d,dj - -S,,dkd’^ ] 


= -dtXi - diiXid^M) + ( , (5.38) 


where A®-’ = A*-^ — and where we dehned a current J^. In appendix B we hnd 

a similar result using the method of Lagrange multipliers. Here we argue as follows. 
Consider the case M = cst and let us restrict to the case z = 2. We then have 
5M = —C — as follows from (4.41). This tells us that 


Performing a partial integration we get 


(5.39) 


(5.40) 


where with a conserved current. Consider hrst the case n* = 0. It 

must be that^® 

= <9*F®. (5.41) 

This in turn can be written as 


X 


dn 



(5.42) 


where x® (F®-^ — A(5®-’F^fc) = FA This form for J® is also compatible with n® ^ 0. We do 
not hnd any constraint on X since 


\ + -cFx* 1=0. 


(5.43) 


We have thus reproduced the expression for in equation (5.38). By making the time 
derivative dt Galilean boost invariant by replacing it by dt + d^Mdi we can reproduce 
the result for for the case that diM is constant or in other words for a linear M of 
the form (4.52). The case of a quadratic M as in (4.51) can be dealt with by observing 
that dt + d^Mdi transforms homogeneously under (4.43) and that dtXi + di{Xid^M) 
can be written as dt'X'^ + d^MdiX[ by making a redehnition of t and Ai of the form 
dt> = exp[- fdt'did^M]dt and A; = exp[f dt'did^M]Xi. 

^®One way to show this goes as follows. Define F{k) = f Xxe^^'^F(x), i.e. F(k) is the Fourier 
transform of F(x). We then have P(0) = / XxF{x). Suppose the function F is such that / XxF{x) = 
0, which is the case we are dealing with if we take F = then we get F(0) = 0. By Taylor expanding 
F{k) around fe = 0 we see that F = kiF, so that when we do the inverse Fourier transform we obtain 
F = d,F\ 
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We thus conclude that the local Schrodinger invariance of the on-shell action with 
flat NC boundary conditions can lead to a conserved current of the form 

(T^ - = 0 . (5.44) 

We emphasize ‘can’ because there is the possibility that plus terms that are 

trivially conserved in which case there is no non-trivial conserved current. In order to 
see that we can in fact have particle number conservation as well as e.g. Galilean boost 
invariance we need to add matter helds just like in TNG geometries: Galilean boosts 
are never a symmetry of the space-time only, they require matter (see section 4.3). In 
the next section we show that one can write down simple probe actions on a Lifshitz 
space-time that are invariant under the full Schrodinger group. 

It is interesting to observe that the transformation properties of (here M) are 
tied to the boundary conditions. In our case the 5M transformations result from the 
PBH transformations. This means that the existence of a conserved particle number 
current is in part tied to the choice of boundary conditions. This is a pretty uncommon 
feature and is due to the fact that plays kind of a dual role: it is on the one hand 
part of the geometry and on the other hand coupling to a current. 

We have thus established that the held theory dual to Lifshitz space-times with hat 
NG boundaries have global Lifshitz symmetries for every M in the M = cst orbit that is 
generated by the Schrodinger algebra and that there can be a conserved particle number 
current associated with the local shifts in M. The local shifts in M are generated by 
Galilean (n*) and special conformal transformations (c) (see eq. (4.41)). 

5.5 Schrodinger invariant probe actions 

In this section we set the number of spatial dimensions d = 2. The question we wish to 
address is what a natural probe held for a Lifshitz space-time looks like. A probe action 
that has been considered frequently in the literature is to take a real Klein-Gordon 
held on a Lifshitz background. With our new perspective on Lifshitz symmetries we 
will take a fresh look at the problem of constructing probe actions and hnd some 
interesting results. The main question connected to a probe is of course what one one 
precisely wants to probe. Here we wish to write down a probe action that is Schrodinger 
invariant. In order to gain some intuition about what kind of action to take, we consider 
the following probe action (inspired by section 2.2 of [14]) 

S = J [Dm— rn^(j)*(j)) , (5.45) 

where Dm = Om — id Am- This seems to have some good ingredients such as a complex 
scalar which is crucial for Schrodinger symmetries and it has a local gauge symmetry 
(j) = and Am = A'j^ -|- OmA where Am is the held appearing in the Stiickelberg 

decomposition Bm = Am — We can thus by a local gauge transformation replace 

Am by Bm, and from now on we will use Bm- 
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The equation of motion, using the metric (5.8), is 

—r^Dt + r'^did^cl) + 2iqr^Dt(j) + r'^d'^cj) — 3rdr(j) — {m^ — q^)(l) = 0 , (5.46) 

where we used that for a. z = 2 Lifshitz background = —1 and that we always have 
that VmB^ = 0 and where we denote by Dt the following operator 

Dt = dt + d^Mdi + ^d^Mrdr , (5-47) 

which is covariant under the residual coordinate transformations of (5.8). The equation 
(5.46) looks almost like a Schrodinger equation. The term that spoils it is the first one 
containing two time derivatives. 

In order to determine whether it makes sense to drop this term, we recall from 
appendix A that every Lifshitz metric can be written as 

ds^ = {-BmBn + 7mv) dx^dx^ , (5.48) 

where Bm is the massive vector held for which = — 1 and ''Ymn is orthogonal to B^. 
In this language we can rewrite (5.45) as follows 

S' = y d^x^/^ + iq(fB^dM(i> - iq<i)B^dM(id 

—B^dM(j)*B^d]\f(j) — {rn^ — q'^)(j)*(j)) . (5.49) 

The hrst term in (5.46) comes from the —B^dM(p*B^dN4> term in the probe action, so 
that it is natural to drop this term. This gives rise to the following probe action 

S' = y d‘^Xy/^ ['y^^dM<P*dN4> + iqcjdB^dMfj) - iq(j)B^dM<P* - {w? - q‘^)(j)*(j)) , 

(5.50) 

where + B^B^. This is a Schrodinger invariant probe action on a Lifshitz 

space-time whose equation of motion, in the coordinates of (5.8), is 

(did^cj) + 2iqDt(j)) + — 3rdr(j) — {rnd — q^)cl) = 0 . (5.51) 

We will next study how the Schrodinger invariance comes about and how this is tied 
to the role of M in the Lifshitz metric (5.8). By construction (5.51) is form invariant 
under the residual bulk transformations (5.30)-(5.34). Further we can remove M from 
the equation of motion by the following field redefinition 

0 = exp[—igM — (5.52) 

so that (j) satishes 

(^did^^ + 2iqdt^ + — 3rdr^ — {md — g^)0 = 0 . (5.53) 
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This requires using all the properties of M, i.e. equations (4.53), (4.54) and (4.50). 
The redehnition implies that there is a local symmetry M = M' + a and 0 = exp[iga + 
iqr‘^d‘^a](j)' which is the analogue of the a symmetry of section 4.3 and is the rea¬ 
son we can promote the flat NC residual transformations (4.42) and (4.43) to global 
symmetries. 

We note that equation (5.53) is exactly the same equation of motion as that of a 
complex Klein-Gordon scalar on a z = 2 Schrodinger space-time with null momentum 
equal to g [1, 2]. As an interesting consequence^®, this means that these probes evade 
the bulk reconstruction issues [59] that are present for minimally coupled scalars in 
Lifshitz space-times. Indeed, this is what one could have expected from the fact that 
our probe actions are invariant under the full Schrodinger symmetry, thus constraining 
the Green functions. 

On & z = 2 Schrodinger space-time we can perform a coordinate transformation to 
global Schrodinger coordinates [60]. It would be interesting to see if we can reproduce 
the equation of a complex scalar in global Schrodinger coordinates [61] on a Lifshitz 
space-time. From the Schrodinger space-time point of view the global coordinates 
appear as if a Newton potential has been turned on [60] (in the sense that the time¬ 
time component of the bulk metric near the Schrodinger boundary has a term that looks 
like a potential). It therefore might be an idea to use the equations (A.45)-(A.50) to 
hnd Lifshitz space-times that are dual to flat NG boundaries with a Newton potential 
turned on and to consider the probe action (5.50) in those Lifshitz coordinates. 

The equation (5.46) was inspired by the work [14] which is a case in which we 
obtained the Lifshitz space-time by Scherk-Schwarz reduction along a circle that is 
everywhere spacelike in the bulk of an asymptotically AdSs space-time. The resulting 
4-dimensional theory is of the same type as we discussed in this paper. From the 
boundary point of view the reduction is along a null circle of A/” = 4 super Yang-Mills 
with a theta angle turned on that is uniformly distributed along the null circle which is 
expected to give rise to & z = 2 Lifshitz Ghern-Simons theory [62]. This is a simple way 
of understanding that the Lifshitz boundary geometry is described by Newton-Gartan 
geometry with torsion as this is the result of reducing Lorentzian geometry along a null 
circle^^. Furthermore since we are reducing a GFT on a null circle we expect the dual 
field theory to be Schrodinger invariant in the UV. The equation of motion of the probe 
(5.46) was obtained by reducing the equation of a real Klein-Gordon scalar on the 5- 
dimensional asymptotically AdS space-time (which is a z = 0 Schrodinger space-time 
[64, 65, 66, 67, 68]) that upon reduction gives a. z = 2 Lifshitz space-time. We see that 
(5.46) close to the boundary becomes equal to (5.51) in agreement with our expectation 

^®We thank Cindy Keeler for pointing this out to us. 

^^We refer to [9, 11, 12, 63] for more details about null reductions of pp-waves and space-times with 
hypersurface orthogonal null Killing vectors and torsionless Newton-Cartan geometry and to [14] for 
generalizations to more general null reductions of any space-time with a null Killing vector and the 
importance of including of torsion once the higher dimensional space-time is no longer a pp-wave. 
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that the dual held theory has a Schrodinger invariant UV hxed point. For large r the 
probe (5.46) sees Lifshitz symmetries, so it seems that there is a how to a Lifshitz IR. 

6 Outlook 

We have shown that the Lifshitz vacuum dual to a hat Newton-Cartan space-time has 
a local action of a Schrodinger group acting on the one remaining source which is M, 
a subgroup of which is described by Killing vectors that generate the Lifshitz algebra. 
Moreover, the boundary theory can have a conserved current related to conservation of 
particle number. We have exhibited that this is precisely the same manner in which a 
held theory on Newton-Cartan space-time sees Schrodinger symmetries. Furthermore, 
in order to show that the theory is invariant under global Schrodinger symmetries one 
needs to know what type of matter helds live on the space and how they they are coupled 
to the geometry. As important evidence that this is possible in the holographic setnp, 
we have shown that one can construct scalar probes on a bulk Lifshitz background that 
are invariant under a global Schrodinger group. 

There are a number of interesting future research directions that we hereby briefly 
discuss. 

The holographic models that have led us to consider TNG geometries have been 
derived using a bulk theory containing Einstein gravity coupled to massive vector helds. 
In 4 dimensions there are two alternative bulk theories known that admit Lifshitz 
solutions. The hrst is a model introdnced in [4] that can be thought of as setting W = 0 
in our bulk action. This is commonly known as the Einstein-Maxwell-dilaton model 
(EMD). In this case the Lifshitz geometries are snpported by a Maxwell gauge held 
and a logarithmically running dilaton. Allowing for a logarithmically running dilaton 
is also possible when W ^ 0 and in general leads to a second exponent a related to 
Lifshitz scaling violating due to the matter helds [69, 70]. It would be very interesting 
to understand the role of this additional exponent from the dual held theory perspective 
(see e.g. [71, 72, 73] in this context). 

Further one could wonder how the TNG geometry comes about in that model and 
what the role of the extra local U{1) is in this case. Once one understands holography 
for general exponents and a one can inclnde hyperscaling violation by considering 
non-Einstein frames as in [26, 27] in which the theory has only two exponents 2 ; and 
a. The hyperscaling exponent 6 then comes about by transforming to the Einstein 
frame. The other 4-dimensional model that allows for Lifshitz solutions are of the 
Hofava-Lifshitz type [74, 75, 76]. It would be interesting to see if in the context of 
bulk Hofava-Lifshitz models [75, 76] one can similarly speak of boundaries described 
by TNG geometries. 

Our results for the holographic description of Lifshitz space-times also suggest a new 
perspective on existing results, notably the compntation of doing perturbations aronnd 
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a Lifshitz vacuum and adding temperature by looking at Lifshitz black branes. 

Considering first the subject of perturbations around the Lifshitz vacuum [20, 77, 
78, 21, 22, 79, 80]. The way this is normally done is to consider the Lifshitz metric 
with M = cst and to perturb around it using radial perturbations. This is then divided 
in terms of pairs of modes that form source/vev pairs that are then used as the basis 
for constructing asymptotic expansions of full non-linear asymptotically Lifshitz space- 
times. Although the last step is rarely carried out (see however [26, 27]). Following this 
approach one hnds scaling dimensions of the sources and vevs that are in general rather 
complicated functions of z and possibly parameters in the potential V. In particular the 
source we denote by $ was not seen by the linearized perturbations around the M = cst 
Lifshitz metric. Instead another scalar source appears in the spectrum that is denoted 
by ip in [21, 27] whose scaling dimension differs from that of <h. This seems at odds 
with our general non-linear analysis of the sources of section 2.2 which do include <I> and 
whose scaling dimensions have a rather simple dependence on with no dependence 
on the potential (with the exception of A in (2.15)). One potential explanation is that 
there is a relation between $ and It would be interesting to understand better what 
precisely is going on. It might also be interesting to perform perturbations around 
Lifshitz for general M. 

In appendix A we have constructed a coordinate independent dehnition of a Lifshitz 
space-time. In view of the above discussion and in relation to hnding the analogue of 
a complex scalar on global Schrodinger space-time by consider a Schrodinger invariant 
probe on a Lifshitz metric (see the discussion at the end of section 5.5) it would be 
interesting to use the results of appendix A to hnd the most general Lifshitz metric 
with a flat NC boundary but with a nonzero Newton potential, i.e. with Mf = dfM -|- $ 
and Mi = diM. This might also be interesting for the study of more general Lifshitz 
black branes that asymptote to such a boundary geometry. 

Regarding the subject of Lifshitz black branes our analysis suggests that they should 
be dual to Galilean invariant fluids. It would be interesting to consider Lifshitz black 
branes, and to see if they can be boosted in such a way that the dual energy-momentum 
tensor is that of a Galilean perfect fluid at leading order in some hydrodynamic expan¬ 
sion, comparing with the work of [81]. We hope to report on such an analysis in the 
near future. Along similar lines it would be interesting to use our machinery of coupling 
helds theories to TNG geometries to study hydrodynamics of both Galilean and Lifshitz 
invariant theories and to compare with [81, 82, 43]. More generally, in parallel to the 
renewed development of relativistic fluid and superfluid dynamics that was initiated and 
inspired by the fluid/gravity correspondence [83, 84], we expect that our holographic 
approach to Lifshitz space-times will lead to further novel insights into the dynamics 
and hydrodynamics of non-relativistic held theories. 

Finally, especially for applications to condensed matter physics it would be inter¬ 
esting to add charge into the game both in the context of held theory coupled to TNG 
geometries by adding more background helds such as a vector potential but also from 
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the holographic point of view by adding a Maxwell type vector held. 
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A Coordinate independent definition of Lifshitz space- 
times 


For the purpose of Ending Lifshitz metrics in difierent coordinate systems using an 
ansatz based on symmetries it is useful to have a coordinate independent definition, i.e. 
a set of tensor equations for the metric and the massive vector field whose only solution 
is a Lifshitz space-time locally. In other words we look for the equivalent of the well 
known result that all solutions to 


Rmnpq — — {gMPQNQ — QmqQnp) 

are locally AdS. Such a definition will be provided in this appendix. 
Consider the equations of motion 
1 


(A.l) 




dMiV^ZF^^) = WB^, 


□$ = -Z'F^ + -W'B^ + V ', 
4 2 


(A.2) 

(A.3) 


Rmn — -yQ mn + -Z ^FmpFn^ — -F'^qmn^ + - WBmBn . (A.4) 

The Einstein equation is compatible with the following statement for the Riemann 
tensor 

Rmnpq = Cmnpq + f + aiZF^ — ^2^^) ^^mpQnq — QmqQnp) + 
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+ {BuBpgNQ — B^BpgMQ — BMBqg^p + BpfBqgMp) + 

+a2Z {2 FmnFpq + FmpFnq + FmqFpn) + ( A . 5 ) 

+«3Z {FMpFp^gNQ — FjqpFp^gMQ — FMpFq^gNP + FpipFq^gMp) , 


where Cmnpq is the Weyl tensor and where 


0^1 —-— —0^3 

24 3 


tto — ~ — —tt3 . 

6 3 


The term 


(A.6) 

(A.7) 


(A.8) 


has the same index structure as the Riemann tensor. We will now choose the Weyl 
tensor such that 


R 


MNPQ 


qV - ^ idMPgNQ - gMQQNp) + 


W {BMBpg^Q — BpfBpgMQ — BMBqg^p + B^BqgMp) 

Z {2FMNFpq + FMpFpiq + Fj^qFp^) . 


(A.9) 


It can be checked that a pure Lifshitz space-time satishes this equation. This expression 
for the Riemann tensor is strikingly similar to the expression obtained in appendix A of 
[31] for the case of a pure Schrodinger space-time. In fact the analysis in section 3 and 
appendix A of [31] have been the inspiration for the coordinate independent dehnition 
of a Lifshitz space-time that we will get to now. 

For a pure Lifshitz space-time $ is a constant and provided we choose functions Z, 
W and V such that the scalar equation is satished the remaining equations become 


Rmn 


2zB^ (A.IO) 

— - ^ + 4) gMN H-( FmpFn^ — -F'^gMN 

2 ' ^ \ 4 

+2(yZ — 1 )BmBp[ (A.11) 


where Bm = AqBm and Fmn = AqFmn- We used here that Wq = 2zZq, Vq = 
— [z‘^Fz + A) and Aq = With these choices the Riemann tensor (A. 12) can be 

written as^® 

Rmnpq = — {gMpgNQ — guggNp) + 

^®The factor of —1 in front of the metric part is what motivated the choice made earlier for the Weyl 
tensor. 






+ (^ “ 1) {BmBpQnq — BmBpQmq — BmBqQnp + BnBqQmp) 

H- {FmnFpq — F[mnFpq^ ■ 

z 

Further one can check that for a pure Lifshitz space-time we have 

F[mnFpq\ = 0 . 

Further we also have for a pure Lifshitz space-time that 


We dehne Xat as 

We then furthermore have 

and 


^2 ^ p2 ^ _2^2 _ 


y _ R-^ TP 

Ajv — --D r mn ■ 


= 1, X ■ 5 = 0 , 


-Fmn — XmBm — XmBm ■ 
z 


We dehne the projector 7 m^ as 


^ N ^ N \ TD ryl'^ 

7 m — Om + BmB . 


N 


(A.12) 

(A.13) 

(A.14) 

(A.15) 

(A.16) 

(A.17) 

(A,18) 


Let us consider the vector equation of motion (A. 10). Taking the covariant derivative 
we get 

dMiV^B^) = 0. (A.19) 

Contracting it with By gives 

1 




Qm {y/^X^) = Z + 2. 


(A.20) 


Using \Fmn = XmBn — X^Bm together with the divergences of B^ and X^ leads to 

X^OmB^ - B^OmX^ = -zB^ . (A.21) 

These last three equations and therefore the vector equation of motion are solved if we 
have 


XmBn — —zBmXpi , (A.22) 

XmXn = '^mn — XmXn — zBmB^ , (A.23) 

together with 

B^ = -l, X^ = 1, X-B = 0. (A.24) 

It can be checked that equations (A.22)-(A.24) are satished for a pure Lifshitz space- 
time. From equation (A.22) it follows that the extrinsic curvature Kmn = 7 m^V pBy = 
0. Equation (A.12) implies that 

Ia^Ib^Ic^Id^Rmnpq = — {lAclBD — IadIbc) ■ (A.25) 
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Since the extrinsic curvature vanishes the Gauss-Codazzi equations imply that the 
Riemann tensor of the metric 7MAf is locally AdS. One can also show that given (A.22)- 
(A.25) the rest of the Riemann tensor (A. 12) follows. We have checked that Lifshitz 
solves (A.22)-(A.25). Now we will show the converse, namely all solutions of (A.22)- 
(A.25) are locally Lifshitz with metric given by 

ds'^ = [—BmBn + Jmn) dx^dx^ . (A.26) 

From equation (A.23) we conclude that Om^n — = 0 so that 

Xm = (A.27) 

locally for some O. Equation (A.22) then implies that there exists a function /(O) such 
that Hm = fBM is a Killing vector. The function turns out to be / = More 
precisely for Bm = equation (A.22) becomes 

0 = ChQmn , (A.28) 

0 = dM - Sn (A.29) 

for the symmetric and anti-symmetric parts respectively. The latter equation implies 
that 

BM = e^^dMT. (A.30) 

Equations (A.24) then imply 

ChT = -1, = £xT = 0, Cx^ = l. (A.31) 


Next using that 


^xBm — zBm 


we can show that the symmetric part of (A.23) is equivalent to 


(A.32) 


BxImn — ‘^iMN — ‘^XmXx ■ (A.33) 

By contraction with this implies that CxXm = 0 (which also follows from OmXn — 
OnXm = 0 and X^ = 1 and is hence not a new condition), so that we can also write 


BxIMN — ‘^iMN , 


(A.34) 


where 


iMN — iMN — XmXn . 


(A.35) 


The metric yMW is the projection of the metric yMV onto the space orthogonal to X^. 
Hence we have 


= 0 , 


(A.36) 
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i.e. is constant on the d dimensional space that 'Jm^ projects onto. The last relation 
of (A.31) implies that we can write 


d^xO'MN — O. (A.37) 

where we dehned 

o'MN = e (A.38) 

we can write for the metric 

ds^ = {-c^^^OmTOnT + dM^dN^t + e^^aMN) dx^dx^ . (A.39) 

We will hnally show that ^mn is a flat metric and since fl is constant on the d dimen¬ 
sional space that 7 m^ projects onto this implies that aMN is a flat metric. We have 
earlier argued that the Riemann tensor of the metric ^mn satishes 

^ABCD = ~ {lAClBD “ IADIBc) ■ (A.40) 

The 7 -covariant derivative of Xm (which is orthogonal to B^) is dehned as 

= Ia^Ib^XcXd = lAB (A.41) 

where we used (A.23). The extrinsic curvature of the co-dimension one space (inside 
the space orthogonal to R^) orthogonal to is given by 

= Ia^^^^Xb = 7AB . (A.42) 

Using the Gauss-Codazzi equations 

p(7) _ pU) _ /yU)/yU) p'U) /yU) (\ aq'i 

^ABCD — ^ABCD ^AC^BD + ^ AD^ BC 

with equations (A.40) and (A.42) we obtain 

^ABCD — 0 (A.44) 

so that 7 m 7 v and thus aMN are hat Euclidean metrics of dimensionality d. This together 
with (A.37) and all the properties of G, i.e. Ch^ = 0 = and Cx^ = 1, makes 

(A.39) a Lifshitz metric. 

This analysis also shows that the equations (A.22)-(A.24) are equivalent to 


QmBn — QnBm 

— z [XmBx — XxBm) , 

(A.45) 

QmXx — OnXm 

= 0, 

(A.46) 

BbQmn 

= —^ [XmBx + XxBm) , 

(A.47) 

BxImn 

= ‘^iMN 1 

(A.48) 


= -l, X2 = l, 

(A.49) 

rG) 

^MNPQ 

= 0. 

(A.50) 


61 


It is in this form that we will solve equations (A.22)-(A.24). Contracting the hrst of 
these equations with and using 5^ = — 1 we see that the vector X is determined 
in terms of B via 



(A.51) 


SO that we automatically have B ■ X = 0. 

B Comments on and demanding to become 
a gauge field 

In this appendix we study the question of dehning the particle number current in cases 
where we couple to a TNG geometry in a manner that there is no local U{1) symmetry 
whose gauge connection is M^. Looking at the model (3.52) we see that the terms 
responsible for the gauge invariance are those with $ and We now consider 

what happens when we remove these terms. If we put the resulting action on a flat NC 
background we obtain instead of (4.44) the action 



(B.l) 


where we put 6 = 0 since we are not interested in explicit breaking of the 6 shift 
symmetry here. This action can also be written as 



(B.2) 


where by Su{i) we denote the action (4.44) with a local f/(l) invariance. Flat NC means 
that we take M = cst together with all other M that give identical actions. Clearly all 
M satisfying 


0 = d,M + iSjMS'M, 
0 = did‘M, 


(B.3) 

(B.4) 


lead to the same action (4.46) with 9 = 9 + M. This gives the strong suspicion that 
demanding there to be a local U{1) symmetry whose gauge held is is convenient 
but not strictly necessary. For example if we vary M in (4.44) we get 



(B,5) 


from which we can conclude that on-shell 


= dtip^ + di {+^d\9 + M) - aaV^) = 0 


(B.6) 
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where the conservation follows from the fact that 6M = a, 69 = —a is a local symmetry. 
If we vary M in (B.l) we obtain 






(B.7) 


where —d^T^ = di{ip^d^9). The action (B.2) still has some local symmetry namely 
5M = a, 69 = —a where a obeys 


dta + d^Mdia = 0 , did'^a = 0 . 


(B.8) 


This follows from demanding that dtM + ^diMd'^M and did^M remain invariant under 
shifting M. Demanding that (B.7) is zero for a satisfying (B.8) leads to an equation of 
the form 

- dtXi - d,iX,d^M) + d,d^X2 = 0 , (B.9) 

for some undetermined functions Ai and A 2 . To prove this we add the following terms 
to the action (B.l) or (B.2) 


dd+i 


X 


Ai ( dtM + -diMd^M ) + X2did^M 


(B.IO) 


where Ai and A 2 are Lagrange multipliers. We can assign transformations to Ai and 
A 2 such that the action (B.l) plus (B.IO) is gauge invariant under any d, i.e. without 
any constraints. Varying this new action with respect to 6M = d we hnd that off-shell 
the term obtained by varying M with respect to d is proportional to the equations of 
motion of the Lagrange multipliers and 9, so that we get the on-shell equation (B.9). 
We conclude that in the model without the local U{1) invariance the current is not 
quite the particle number current but according to (B.9) it can be improved to become 
equal to 
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